
Physics 7330: Assignment 4
(to be submitted by Monday, October 12, 2026)

I invite you to attempt Assignment 4 and to submit all your work for Questions 1–8. Please turn in a
paper copy in class. You’re welcome to use Mathematica to help you with any part of the assignment.
If you do, please email to kbeach@olemiss.edu a single Wolfram Notebook, sent as an attachment, that
contains any relevant Mathematica code. Use the naming convention Phys7330-A4-webid.nb, and include
Phys7330-Fall2026-webid Assignment 4 Submission on the subject line. (Be sure to replace webid with
your own personal UM WebID; mine, for instance, is kbeach.) If you end up doing the entire assignment
by hand, just turn in a paper copy and ignore the email attachment instructions.

The Hamiltonian of the three-dimension quantum harmonic oscillator—describing a particle of mass𝑚 in
an isotropic Hooke’s law potential—can be decomposed into three one-dimensional harmonic oscillators:

𝐻̂ =
𝒑̂2

2𝑚 + 𝑚𝜔2𝒓̂2

2 = ℏ𝜔(𝑎†𝑥𝑎𝑥 + 𝑎†𝑦𝑎𝑦 + 𝑎†𝑧𝑎𝑧 +
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2) ≡ ℏ𝜔(𝑁̂ + 3

2).

Here, 𝑎𝑥, 𝑎𝑦 , and 𝑎𝑧 are the annihilation operators for a quantum of vibrational motion in the three orthogonal
directions. It is convenient to define a basis of Cartesian states
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that satisfy 𝐻̂|𝑛𝑥, 𝑛𝑦 , 𝑛𝑧⟩ = ℏ𝜔(𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 + 3∕2)|𝑛𝑥, 𝑛𝑦 , 𝑛𝑧⟩.

1. List all the Cartesian states that have energy eigenvalues below 4ℏ𝜔. Indicate the degeneracies.

2. Find a general expression for the degeneracy of the states with total occupation 𝑁.

3. Show that the orbital angular momentum operator 𝑳̂ = (𝐿̂𝑥, 𝐿̂𝑦 , 𝐿̂𝑧) and its magnitude can be expressed
as follows:
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4. Find states |𝑛, 𝑙,𝑚⟩ such that 𝑳̂2|𝑛, 𝑙,𝑚⟩ = ℏ𝑙(𝑙 + 1) and 𝐿̂𝑧|𝑛, 𝑙,𝑚⟩ = ℏ𝑚 with𝑚 = −𝑙,−𝑙 + 1,… , 𝑙 − 1, 𝑙.
Work this out for 𝑙 = 0, 1, 2. Explain why the 𝑙 ≥ 2 cases are different from 𝑙 = 0 and 𝑙 = 1.

The final four questions are concerned with the connection between SU(2) and SO(3). Recall that for every
𝑈 ∈ SU(2), there is a corresponding 3×3 rotationmatrix 𝑅𝑎𝑏 = 1

2
tr𝜎𝑎𝑈𝜎𝑏𝑈†. Youmay find it helpful to check

out the Mathematica functions Trace, PauliMatrix, MatrixExp, and RotationMatrix.
5. For a unit vector 𝒏 in three-dimensional space, demonstrate that

𝑈(𝜙𝒏) = 𝑒−𝑖(𝜙∕2)𝒏⋅𝝈 = 𝐼 cos
𝜙
2 − 𝑖𝒏 ⋅ 𝝈 sin

𝜙
2

and that 𝑈(𝜙𝒏) ∈ SU(2).

6. Prove the following four identities involving traces of the Pauli matrices: tr𝜎𝑎 = 0, tr𝜎𝑎𝜎𝑏 = 2𝛿𝑎𝑏,
tr𝜎𝑎𝜎𝑏𝜎𝑐 = 2𝑖𝜖𝑎𝑏𝑐, tr𝜎𝑎𝜎𝑏𝜎𝑐𝜎𝑑 = 2

(
𝛿𝑎𝑏𝛿𝑐𝑑 − 𝛿𝑎𝑐𝛿𝑏𝑑 + 𝛿𝑎𝑑𝛿𝑏𝑐

)
.

7. Show that the 3 × 3 rotation matrix arising from 𝑈(𝜙𝒏) has the form

𝑅𝑎𝑏 = 1
2 tr𝜎

𝑎𝑈𝜎𝑏𝑈† = 𝛿𝑎𝑏 cos𝜙 + (1 − cos𝜙)𝑛𝑎𝑛𝑏 − 𝜖𝑎𝑏𝑐𝑛𝑐 sin𝜙.

Compute 𝑅(𝜙𝒆𝑥) and 𝑅(𝜙𝒆𝑧).

8. Show that the action of two rotations 𝑅1 = 𝑅(𝜙𝒏) and 𝑅2 = 𝑅(𝜃𝒎), applied in succession, is characterized
by a product of the corresponding unitarymatrices𝑈2 = 𝑈(𝜃𝒎) = 𝑒𝑖(𝜃∕2)𝒎⋅𝜎 and𝑈1 = 𝑈(𝜙𝒏) = 𝑒𝑖(𝜙∕2)𝒏⋅𝜎:
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