Physics 711: Assignment 3
(to be submitted by Wednesday, October 1, 2025)

1. The commutator of operators A and B is defined as [A, B] = AB — BA. (Note that version 14.3 of Mathe-
matica introduces the commands Commutator and NonCommutativeExpand.)
(a) Prove that [A4,B] = —[B, A] and [A, A] = 0.
The commutator is antisymmetric:

[A,B] = AB—BA = —(BA - AB) = —[B, A].
Moreover, setting A = B implies that [A, A] = —[4, A] = 0.

(b) For operators A, B, and € and complex numbers a and 3, show that
[xA + 8B,C] = a[A,C] + B[B,C].

Expand out and recollect terms to show linearity and the distributive property.

(c) Prove that the commutator distributes over an operator product as follows:

(d) Prove the famous Jacobi identity:
[A,[B,C] +[B,[C,A]] + [C,[A,B]] = 0.

Expand the nested commutator to get

Looking at the 3 cyclic permutations of this expression, we see that there are 3! = 6 unique terms
that cancel in pairs:
[A,[B,C]] = ABC —BCA+CBA—- ACB
N——r N—— N——r N——r
1 2 3 4

[B,[C,A]] = BCA-CAB+ ACB - BAC
—_—— ~—— —— ——
2 5 4 6

[C,[A,B]] = CAB - ABC + BAC — CBA
~—— ~—— —— ——
5 1 6 3

(e) Consider operators £ and p satisfying [%, p] = ih. Argue that [, p?] = 2ihp, [X, p?] = 3ihp?, and
more generally, [£, p"] = nihp"~!. Use this result to show that

(%, f(P)] = ihf'(p),

where f is any smooth function.



You can show that [%, p"] = nihp"~! by recursion. With this result in hand, observe that

s oo [ 1d"f(X) gl < 1d"f(x) . an
[x’f(p)]_[x’,;ﬁ dx | P ]_nz:%m x| B2
o 1.d"f(x) e 1 dvH(x) el _ % flra
:Zm o xzomhp 1=lhn:1(n—1)! o x=op L= inf'(p).

2. Inclass we considered a planar quantum rotor model with a symmetry-breaking term that favours angular
orientation near ¢ = 0:
. L2 5 .
H= 57~ IQ“cos ¢.
Here, I is the moment of inertia, and Q is the natural frequency of the corresponding classical problem in
the small-amplitude-oscillation limit. The operators ¢ and L obey the canonical commutation relation-
ship [#,L] = ih. We made the decision to work in the ¢-representation, so that the operators take the

form ¢ and L = (h/i)0/9¢ and act on a wave function ((¢).

(a) Show that states y,,(¢) ~ exp(im¢) are eigenstates of the angular momentum operator with eigen-
value 7im. Determine the proper normalization of the states. Here’s a Mathematica version of the
solution:

\[Chi] [\[Phi]_] = Exp[I m \[Phi]]/Sqrt[2 \[Pi]]

Assuming[m \[Element] Integers, Integrate[Conjugate[\[Chi] [\[Phi]]] \[Chi] [\ [Phil],
{\[Pnil, 0, 2 \[Pi]l}]]

L = (\[HBar]/I) D[#, \[Phi]] &

LI\N[Chi] [\[Phil]]/\[Chi] [\ [Phi]]

Acting with L. = (h/i)(8/3¢) on x,,(¢) gives the eigenvalue relation

. h o . h . ;
Lin(®) = 5 55 Xp(im$) = 7 (m) expimg) = hm ().
This says that y,,,(¢) is a state of definite angular momentum L = am.

To get a properly normalized wave function y,,(¢) = C exp(im¢), we have to fix the normalization
constant according to

f de xm(P)* xm($) = ICIZ/ dp e ™bei™ = 27|C|* = 1.

-7

The phase of C is arbitrary, so we’re free to choose x,,(¢) = (27)~1/2 exp(im¢).

(b) Argue that the parity operation (reflection across the preferred axis, ¢ - —¢) is a symmetry of the
Hamiltonian. Construct a basis of states of definite even (P = +1) and odd (P = —1) parity from
linear combinations of the angular momentum states y,,(¢). Explain how this basis can be used to
block diagonalize the Hamiltonian.

The Hamiltonian is
n=L _rgrcosg= - i
=7~ cos¢——5@— cos ¢.

It’s invariant under reflection since it only involves terms that are even in the angular variable:

e A )
H_)_ﬂa(——cﬁ)Z_IQ cos(—¢)
h? 92 2 .
——E?&—IQ COS¢—H.

2



Let’s build states of definite parity. The parity operation on y,,(¢) = (27r)~1/? exp(im¢) is equivalent
to changing the sign of m:

Pxm(@) = 2m)71/2Pexp(ime) = (27)/? explim(—¢)] = (27)~"/2 expli(=m)$] = x_m(®)-
Hence, the following are states of definite parity.

+ _ 1
X e
0 V2
1
A, = E(Xm + X-m)

) 1

Xmz1 = E(%m - X—m)
We can check that the eigenvalues are P = 1 and P = —1, respectively.
A A 1 1
Prg = P—==—= = (+1)x"
27 27
A ( 1,4 A 1 1 )
PXn;Fz)l = @(P)(m +P)(—m) = E()(—m + )(m) = E(Xm + )(—m) = (+1))(5;21
A (= 1 4 N 1
Prsd = —=Potm — Px—m) = (= Hm) = === Com = Xm) = (= DA,

V2 V2 V2

States carrying different parity quantum numbers are guaranteed to have zero overlap (i.e., they’re
orthogonal), since

f d$ 1P D) = f dg 1Py x D) = - f a3 1@y 25 @) =0,

Then we can take advantage of the fact that HP = PH. The difference between these two matrix
elements must vanish:

f dg D@y apxE () = f d$ 1@ 1y ),

f dg 1 D@y P () = f d$ 1@ 07 (9).

Hence,

PP / d$ 2@y Ax"($) =

which says that the matrix elements are ncessarily zero if the parity quantum numbers P and P’ are
not the same. In other words, the Hamiltonian has the block diagonal form

f a6 2@ LT @) = HD 6.
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(c) Consider a truncated basis that contains only the two lowest-lying states in each of the even- and
odd-parity sectors. Write the time-independent Schrodinger equation as two 2X2 matrix eigenvector
problems.



Note that

1
AP =—

\or
A, = %(Xm + Xem) = ﬁ[eXp(imcﬁ) + exp(—im¢)| = \/% cos mé
—l)(gngl = —l()(m - X-m) = [exp(im¢) — exp(—im¢)| = L sin me

1
NG 2i\7 V7

So the even and odd parity sectors are spanned by

{ ) 0} { cos ¢ cos 2¢ cos 3¢ }
Ve V& NE NE
sing sin2¢ sin3¢ sin4¢
o
Computed with respect to the first two basis functions is each set, we get the following Hamiltonian
blocks:

{%fi):mzl}={

+ +
H(+) - Hil) Hi; B /n'd¢ X(()‘F)HX('F) X(()+)HX(+) B (a b)
ngl) ng;) . +) O )((+) Xl+) o )((+) b ¢
H(_) H(_) T )H )H
O [T ey X1 Xl Xl X | _(d e
g g L O, O, \e f
2,1 2,2 i Xy, X Xy, HY,
We must evaluate the integral expressions for even-parity
(T 1 (W ) 1 1 )
_[ﬂd¢E(—Z@—IQ cos¢) = 271'/ d¢(0 I1Q cosq’:)
cosp/ h> 2 0 (" Q2
/_. d¢ ﬁ( iaTDZ—IQ cos¢>\/§ \/_ﬂj_.ndqbcos ¢__E
cos¢( h* 82 5 cos¢p 1 n? 5 h?
/ d¢ ﬁ( 56732_19 cos¢>>\/; ﬂ/ qu(—cos ¢ — IQ? cos ¢>> 57
and odd-parity coefficients
sing [ h* 32 sing 1 h?
f dp — ( ———Iﬂzcosqb) f d¢><—sm ¢ —IQ? cos psin” ¢)
L JE \ 206 N 21
sing [ n? 32 sin2¢ 1 2 . o 1Q?
f dp — ( —— —IQ%co ¢) =—f d¢<—sm¢51r12¢—Iﬂzcos¢sm¢sm2¢>=——
L Ym \ 20 3¢ vz 7). i 2
2 32 i T 2 2
f:/ d¢81\r/13¢< %6%2—192 ¢)8133¢ =%f d¢<¥Sin22¢—IQZCOS¢Sin22¢)=#
—r T T -

Expressed in terms of an energy scale ¢, = h?/2I and dimensionless coupling g = (IQ/h)?, the
matrix blocks are

0 2
H® = V2 | = 0o 2
2w | T\ _ 5 1
Vo ’
o I0? .
o_la 2 |- —&
2 1



(d) Solve the even-parity 2x2 eigenproblem. (You are welcome to make use of Mathematica’sEigensystem
or its Eigenvectors and Eigenvalues commands.) For the ground state, plot the probability density
|(¢)|? of finding the rotor in the vicinity of angle ¢. Do this for small, intermediate, and large values
of Q.

Here are the solutions to the eigenproblem in the even and odd sector:

ES = %(1 - \/TSg2> P~ (1 \/T&gz, 2v/2g)
EW = %(1 + \/TSg2> P~ (1- \/T&gz, 2v/2g)
Y =3(s-forag) 9~ Gryforagg)
B0 =3 (seforag) 90~ (-yforagg)

Over the full range of couplings, the lowest energy is E(()+), which means that the even-parity state
. . (+) ) .
with coefficients ¢,"" ~ (1++/1+8g ,zﬁg) is the ground state.

Energy eigenvalue, E(g)/¢€o

T T T T T T T |
0 1 2 3 4 5 6 7 8

Relative coupling, g = (IQ/#)?

The corresponding (non-normalized) wave function is

PP = (1+4/1+82) 2P (@) + 2V 21 P (9.

are orthogonormal, the normalization factor is

T 2
N = f ap 14 @GP = (1+/1+8¢2) +(2v2g)
:(1+2\/1+8g2+1+8g2)+8g2
=2(1+8g%) +24/1 + 8g2

(+)

Since )((()Jr) and y;



2
o [EFVITEE @)+ zﬁgx§+>(¢)|
Prob(¢) = N'zp =
2(1 + 8g2) + 24/1 + 8g2
2
o\ 1 cos¢
) (1++/1+8g )\/ﬁ-'_zﬁgﬁ
2(1 +8g2) +21/1 + 8g2
[1 +1/1+8g% + 4gcos<;5]2
- 471'[1 +8g2 +4/1+ 8g2]
0.4 1
037 ——3g=0
= —g=1/5
S =1
£ 0.2 §=
g=>5
0 | | | 1
- -0.5 0.5 1
¢/

g—0 1 > 3
Prob(¢) — E(l + 4g cos ¢ + 2g% cos 2¢) + O(g*)
2 %(2 +2V2cos ¢ + cos 2¢) + 0(g ™)

(e) Compute the expectation values of H with respect to the next-lowest-lying states in each sector. Based
on energy comparisons, comment on the appropriateness of the basis truncation.

T 2
= %f_ﬂdq& cosz¢<% —-1Q? cosqb) cos2¢

T 2 2
= %/ dq&(% COS22¢—IQZCOS¢COSZZ¢> = % = 4¢,
—7T



T sin3¢ ,sin3¢ 1 (7 n? 3%
[ﬂd¢ WHW = E[”d¢ 3¢<—ZW —IQZ COS¢> sm3¢

1", 9n? 5 .
= Ef d¢ sin 3¢<7 —1Q° cos ¢> sin 3¢
2h2 5
== d¢ = sin’ 3p —IQ cos¢sm 3p) = — =9¢

More generally, the level-m expectation value is m%¢,. So if the basis is cut off such that level M is
the highest state included, then the gap to the neglected state is 2M + 1 times greater than the level
spacing between the lowest two levels:

oM + 1) — ¢(M?

=2M + 1.
60—0 +

If the neglected states are sufficiently gapped out, they can’t effectively hybridize with the low-energy
states. To get well converged results, we’d probably want M to be on the order of at least 10 or 100.



