
Physics 651: Exercise 1
(not for submission)

1. The natural numbers are closed under addition in the sense that any pair of natural numbers 𝑎 and 𝑏 has
a sum 𝑎 + 𝑏 that is also a natural number. Similarly, 𝐹 is closed for multiplication if ∀𝑎, 𝑏 ∈ 𝐹 it follows
that 𝑎 ⋅ 𝑏 = 𝑎 × 𝑏 = 𝑎𝑏 ∈ 𝐹. Which of the following fields is not closed under multiplication? Give a
specific counterexample.

(a) The whole numbers ℕ ⧵ {0}
(b) The natural numbers ℕ
(c) The integers ℤ
(d) The rationalsℚ
(e) The irrationals ℝ ⧵ℚ
(f) The reals ℝ
(g) The complex numbers ℂ

2. Given two arbitrary complex numbers 𝑧1 = 𝑥1 + 𝑖𝑦1 = 𝑟1𝑒𝑖𝜃1 and 𝑧2 = 𝑥2 + 𝑖𝑦2 = 𝑟2𝑒𝑖𝜃2 , which one of the
following is an incorrect statement?

(a) |𝑧1| =
√
𝑥21 + 𝑦21 = 𝑟1

(b) �̄�1𝑧2 = 𝑟1𝑟2𝑒𝑖(𝜃2−𝜃1)

(c) �̄�1 + 𝑧2 = (𝑥2 − 𝑥1) + 𝑖(𝑦2 − 𝑦1)
(d) 1∕𝑧2 = �̄�2∕|𝑧2|2

3. Given two numbers 𝑧1 = 𝑥1 + 𝑖𝑦1 = 𝑒𝑖𝜃1 and 𝑧2 = 𝑥2 + 𝑖𝑦2 = 𝑒𝑖𝜃2 on the unit circle in the complex plane,
which one of the following is an incorrect statement?

(a) |𝑧1| =
√
𝑥21 + 𝑦21 = |𝑧2| =

√
𝑥22 + 𝑦22 = 1

(b) 𝑧1𝑧2 = 𝑒𝑖(𝜃1+𝜃2)

(c) 𝑧1∕𝑧2 = 𝑒𝑖(𝜃1−𝜃2)

(d) 1∕𝑧1 + 1∕𝑧2 = 𝑒−𝑖(𝜃1+𝜃2)

4. Given two Grassman numbers 𝜃 and 𝜂, which two of the following expressions are incorrect?

(a) 𝜃𝜂 = −𝜂𝜃
(b) 𝜃2 = 𝜂2 = 0
(c) (𝜃 + 𝜂)2 = 2𝜃𝜂
(d) ∫𝑑𝜃 (3 + 2𝜃) = 2
(e) (2𝜃 − 3𝜂)2 = 12𝜂𝜃

5. Given vectors 𝑢𝑖 and 𝑣𝑖 , a matrix𝑀𝑖,𝑗 , and tensors 𝑆𝑖,𝑗,𝑘 and 𝑇𝑖,𝑗,𝑘,𝑙 (where each of the indices 𝑖, 𝑗, 𝑘, and 𝑙
range from 1 to 𝑛), which one of the following is not a dimensionally compatible expression?

(a) 𝑢𝑖 =
∑

𝑗,𝑘 𝑆𝑗,𝑘,𝑙𝑀𝑖,𝑙

(b) 𝑀𝑖,𝑗 = (𝑢 ⊗ 𝑣)𝑖,𝑗 = 𝑢𝑖𝑣𝑗
(c) 𝑆𝑖,𝑗,𝑘 =

∑
𝑙𝑀𝑖,𝑘𝑇𝑖,𝑘,𝑙,𝑗𝑢𝑙

(d) 1 = tr𝑀3 =
∑

𝑖,𝑗,𝑘𝑀𝑖,𝑗𝑀𝑗,𝑘𝑀𝑘,𝑖

6. 𝐴𝑖,𝑗 represents the element in the 𝑖th row and 𝑗th column of the matrix 𝐴. (Similarly for 𝐵, 𝐶, and 𝐷.)
Which one of the following index-notation expressions is equal to tr𝐴𝐵𝐶𝐷?



(a) 𝐴𝑖,𝑗𝐵𝑗,𝑘𝐶𝑘,𝑙𝐷𝑙,𝑚
(b) 𝐴𝑖,𝑗𝐵𝑘,𝑙𝐶𝑗,𝑘𝐷𝑙,𝑖
(c) 𝐷𝑖,𝑙𝐶𝑘,𝑖𝐵𝑗,𝑘𝐴𝑙,𝑗

(d) 𝐷𝑙,𝑘𝐶𝑘,𝑙𝐵𝑗,𝑖𝐴𝑖,𝑗

7. 𝐴𝑖,𝑗 represents the element in the 𝑖th row and 𝑗th column of the matrix 𝐴. (Similarly for 𝐵, 𝐶, and 𝐷.)
Which one of the following index-notation expressions is equal to tr𝐶 tr𝐵𝐴𝐷?

(a) 𝐴𝑖,𝑗𝐵𝑗,𝑘𝐶𝑘,𝑙𝐷𝑙,𝑚
(b) 𝐴𝑖,𝑗𝐵𝑘,𝑙𝐶𝑗,𝑘𝐷𝑙,𝑖
(c) 𝐷𝑗,𝑘𝐶𝑖,𝑖𝐵𝑙,𝑗𝐴𝑘,𝑙

(d) 𝐷𝑖,𝑗𝐴𝑙,𝑖𝐶𝑘,𝑘𝐵𝑗,𝑙

8. Given vectors 𝑢𝑖 and 𝑣𝑖 and amatrix𝑀𝑖,𝑗—where all indices range from 1 to 𝑛 and all entries are complex-
valued—which of the following necessarily describes a hermitianmatrix 𝐴 ?

(a) 𝐴𝑖,𝑗 = (𝑢 ⊗ 𝑣)𝑖,𝑗 = 𝑢𝑖𝑣𝑗

(b) 𝐴𝑖,𝑗 =
1
2

(
𝑀𝑖,𝑗 +𝑀∗

𝑗,𝑖
)

(c) 𝐴𝑖,𝑗 =
1
2

(
𝑀𝑖,𝑗 +𝑀𝑗,𝑖

)

(d) 𝐴𝑖,𝑗 = 𝑢𝑖 + 𝑣𝑖 + 𝑢𝑗 + 𝑣𝑗

9. The determinant of a product of square matrices 𝐴, 𝐵, 𝐶, 𝐷 obeys which one of the following relations?

(a) det𝐴𝐵𝐶𝐷 = det𝐴 + det𝐵 + det𝐶 + det𝐷
(b) det𝐴𝐵𝐶𝐷 = det𝐴 − det𝐵 + det𝐶 − det𝐷
(c) det𝐴𝐵𝐶𝐷 = (det𝐴)(det𝐵)(det𝐶)(det𝐷)
(d) det𝐴𝐵𝐶𝐷 = 1 + (det𝐴)

[
1 + (det𝐵)

[
1 + (det𝐶)

[
1 + (det𝐷)

]]]

10. Suppose that 𝐴, 𝐵, and 𝐶 are square matrices of common dimension and that 𝐼 is the corresponding
identity matrix. The determinant of 𝐴 + 𝐵𝐶 is given by which of the following expressions?

(a) det(𝐴 + 𝐵𝐶) = det𝐴 det𝐵𝐶
(b) det(𝐴 + 𝐵𝐶) = det𝐴 det(𝐼 + 𝐶𝐴−1𝐵)
(c) det(𝐴 + 𝐵𝐶) = det𝐴 + det𝐵𝐶
(d) det(𝐴 + 𝐵𝐶) = det(𝐵−1𝐴𝐶−1 + 𝐼)

11. The trace of a product of square matrices 𝐴, 𝐵, 𝐶, 𝐷 obeys which one of the following relations?

(a) tr𝐴𝐵𝐶𝐷 = tr𝐷𝐴𝐵𝐶
(b) tr𝐴𝐵𝐶𝐷 = tr𝐷𝐶𝐵𝐴
(c) tr𝐴𝐵𝐶𝐷 = (tr𝐴)(tr𝐵)(tr𝐶)(tr𝐷)
(d) tr𝐴𝐵𝐶𝐷 = tr𝐴 + tr𝐵 + tr𝐶 + tr𝐷

12. The trace of a product of square matrices 𝐴 and 𝐵 obeys which one of the following relations?

(a) tr𝐴2𝐵3 = tr𝐵𝐴𝐵𝐴𝐵
(b) tr𝐴2𝐵3 = tr𝐵𝐵𝐴𝐴𝐵
(c) tr𝐴2𝐵3 = tr𝐴2 tr𝐵3

(d) tr𝐴2𝐵3 = (tr𝐴)2(tr𝐵)3

(e) tr𝐴2𝐵3 = 2 tr𝐴 + 3 tr𝐵


