Chapter 5 Magnetostatics

5.1 The Lorentz Force Law
5.2 The Biot-Savart Law
5.3 The Divergence and Curl of B

5.4 Magnetic Vector Potential



5.1.2 Magnetic Force
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Moving charges (currents) produce magnetic fields, e
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Biot-Savart Law: for a steady line current
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5.1.2 Magnetic Force ’
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A particle moving in a magnetic field is subjected to a magnetic force

Fruae =Q(FxB)  Lorentz Force Law

Magnetic forces do not work  for a moving charge O dl =vdt
AW g = Frnag -l “
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When both electrical and magnetic fields present:
F=0[E+(WxB)]



Example: Motion of a charge particle perpendicular to magnetic field
(cyclotron motion )

Since the magnetic force is always perpendicular to the direction of
motion, it moves in a circular path.

F, mag ~ Ql’B

This acts as the centripetal force

- 2 v
LT % =0OvB = mv.E =(OvB
momentum p =mv =(0BR
. 27 R B
period - Qﬁ; frequency w, = — cyclotron frequency
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If the motion is not perpendicular, parallel B ‘
component of the motion is not affected, so the

particle moves in a spiral.



Example: When there is an electric field perpendicular to magnetic field,
and if a particle is moving.
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Suppose particle is released at rest at the origin v(it=0)=0
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5.1.3 Currents

The currentin a wire is the charge per unit
time passing a given point. A —=

If the line charge density is A, and the speed of charges is v

( (AvA) 1 _J
I —Ay - =l =y

N

Currentis measured in Amperes 1A=1C/S

The magnetic force on a segment of current-carrying wire

Frag =[(Adl)(9xB)=[(IxB)dI

:j’](dixé) =1
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Frae =1[(dl x B)

mag



Surface and Volume currents

When charges flows over a surface it is
described by a surface current density

e
. T
the current per unit length-perpendicular-to-flow

K =0v o :surface charge density

sutacesurentls . mag = [(cda) (7xB)= [(K xB) da

Similarly when the charges distributed throughoutspace it
Is described by a volume current density i

volume currentdensity, The currentper 7 _ dl =p¥
unit area-perpendicular-to-flow da |

avhmacments | ma=[(0ds) (7xB)=[(7xB)as



Example: A mass m is hanging from a rectangularloop with
one end In a uniform magnetic field B, what is the value if

current needed to supportm . it
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The current density in circular wire of radius a is given by / cjr

J = kr, find the total currentin the wire. ||' |
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Continuity equation

Since the total current crossing a surface S : I = I Jda, = I J -da
A A

total charge leaving a volume V is (;f) T -da = .[F(V , j)df
5 ;

Due to charge conservation this is equal op
to the rate of change of total charge in the = I p dr = I( o )dr
volume



5.2.1 Steady Currents

Stationary charges = constant electric field: electrostatics

Steady currents = constant magnetic field: magnetostatics

No time dependence



5.2.2 The Magnetic Field of a Steady Current

Moving charges (currents) produce magnetic fields,

=l

Biot-Savart Law: for a steady line current

_ Ho ¢ xr
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Since ﬁmg — J x Bdl unit of B is newton per ampere-meter, or tesla
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Example: find the magnetic field a distance z from a long straight wire
carrying a steady current |

dl xR =dlsinp = dlcos 0

2
[=ztanl dl=zdtanl= 22 do, £=oos(9, 12 =0032 4
cos” & R R =
#OIIdIXR 0 I7 i3 )0089 >—do
cos” @
Zgi 4 cost9—4——(sm6’2—sm91) [
In the case of an infinite wire, g, =—2, @, =~ Bl
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Force between two current carrying parallel wires:

Iy I The field at (2) dueto | is R
27d
—d =
F=1I, (‘2"7’[—2) j di
(L@ Ho L1

The force per unitlengthis f =
27 d



Magnetic field from a circular current loop
B= J‘dB cos6z
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Figure 5.25

T
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Problem 5.11 Find the magnetic field at point P on the axis of a tightly wound solenoid (helical
coil) consisting of » turns per unit length wrapped around a cylindrical tube of radius a and
carrying current / (Fig. 5.25). Express your answer in terms of 6y and &5 (it’s easiest that
way). Consider the turns to be essentially circular, and use the result of Ex. 5.6. What is the
field on the axis of an infinite solenoid (infinite in both directions)?




5.3 Curl and Divergence of B
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If the loop not enclosing the wire (current)
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5.3 The Divergence and Curl of B

2. General case:
Biot-savart law for a volume current density
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since gf(x—x'):—

sinceV-(f2)=f(Vﬂ)+ﬁ+(Vf):>ﬁ-(Vf)=V-(fﬁ)—f(Vﬂ)

x—x - x—x

(J - vr)( ) Vi [——J]-(—5)V; J)
2 ¥ % 0 for steady currents
X—X = X—X —
V. J1dt' = J-da —0
J.VGEEH??E [ J?:?’ ] 3 ¢SE£F’f{IC€ {?3 o=

For a surface far away

VxB= J““j J(7)AS> (7 — 7)dr’ = 11y (F)

VxB= pgj (n Ampere’s law in differential form



Divergence of B
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5.3.3 Applications of Ampere’s Law

Ampere’s Law in differential form

Boundary line

V xB = tyJ
I(VxE)-dEf=(j.)E-dZd=y0J.j-dEi=‘u01

eric

Ampere’s Law in integral form
(j.)E dl = ﬂﬂlenc

Electrostatics: Coulomb law  Gauss law

| |

Magnetostatics: Bio-Savart law Ampere law



Example1: Find the magnetic field a distance r from
Long straight wire carrying a current | Amperian loop

Cﬁé'df=ﬂﬂ[e2ﬂc=ﬂ{}l r

I -
Bfdl=B-27r=pol =B=L0 I
2r n .

Example 2: Find the magnetic field of a surface current density K
on a plane of infinite extent

B(Z)[}] Sheet of current | K
\
$B-dl = pol ppe= oK1 o
| 74 ;
2Bi i
& Kj}-‘ f{)}f‘ - 0 v._l:_.r Amperian loop
B={2 :

—%Kj} for >0




Example: Magnetic field of a long solenoid with n turns per unitlength

There cannot be a radial component B,

Otherwise when the current reserved B, direction reserves,
but reversing currentis same as turning solenoid upside
down, which should not affect the direction of B, . So the
field is along the axial direction

There cannot be a tangential component B(p

¢ B-dl =By27r = pol,,, =0 = By=0

loop 1.

cj.)IB d |Ba BBIE 1L, 0 > B(al R

But the field —0 for large r so field outside the
solenoid is zero

<f>ZB+df=BL=,uOI

ernc

- Ho NIz inside
- 0 outside

loop 2. = HoNIL

ety
1

st s
G= 1.

B =

\

Amperian loop

Amperian loops



Magnetic field of a toroidal coil:

Solution:

$B-dr = pol e

r,uon] -
B(r)=< 2nr

¢ inside

0 outside



5.3.3 (5)

P = (.?CO:.O':.ZO)
Ar R3 r'=(rcos@,rsing,z)

—_—

R=p—7'=(xy—rcosp,—rsing,zy—z)
I=1

B(p)=? dB=

=1 r+1.z=(1,.cosp,l, sinp,I.)
(

I xR=¢,I.Rk
= J'E[I},RE — IER},] + V[I.R, —I.R.] +f[Iny — I},Rx]
= X[, sin@p(zg —z)—I1_(-rsin@)|+ y[I_(xo —rcos @)
—1,.cos@(zg —z)]+2z[I, cos Q(—f'/sl/n @)—1,.sm@(xy— ryés )]
= X{si(p[1,(z0 = 2) + .11} + {1 xg —cos o[ L1+ I,(z9 — 2)]}
+2[~sinpl,x]

x and Z components cancel out *.* sin @ from ' and "

~IxR=( )p=( Yp Bing
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Problem 5.14 A thick slab extending from z = —a 10 2 = +a carries a tmiform volume
current J = J x (Fig. 5.41). Find the magnetic field, as a furiction of z, both inside and outside
the slab.

Problem 5.15 Two long coaxial solenoids each carry current /. but in opposite directions, as
shown in Fig. 5.42. The inner solenoid (radius @) has n| turns per unit length, and the outer
one (radius b) has n3. Find B in each of the three regions: (i) inside the inner solenoid, (ii)
between them, and (im) outside both.

Figure 5.42 Figure 543

Problem 5.16 A lafge parallel-plate capacitor with uniform surface charge o on the opper
plate and —o on the lower is moving with a constant speed v, as shown in Fig. 5.43.

(a) Find the magnetic field between the plates and also above and below them.
(b) Find the magnetic force per unit area on the upper plate, including its direction.
(c) At what speed v would the magnetic force balance the electrical force?!!



5.4.1 The Vector Potential

In electrostatics: VxE=0 — FE—-_VV

In magnetostatics :  since VxB = ] there is no U such that B=VU
but V-B=0 = B=VxA4
A is the vector potential in magnetostatics
VxB=Vx(VxA)=V(V-4)-V* 4= u,J

Electric potential is determined up to a constant

E=-VV=-VF +C)=-VV' V'=V+C
Likewise the vector potential has an ambiguity
B=VxA=Vx (ﬁ +VA) A ascalar (gauge freedom)
= B=VxA A=A+VIi (a gauge transformation)

Using this freedom it is always possible to find 4 suchthat 7.4 =0
(gauge condition, this particular gauge is called the Coulomb gauge)



Suppose V. 4 =0

A=A+VAi =V-A=V-4+V?*2

Now select A such that Vz/'l —

vip=_£

1 ¢ p20

JV = — Bdr
d7° R

So in this (Coulomb) gauge:

VxB=Vx(VxA)=V(V-4A)-V?4=pyJ =\V°A=—pu,J

Vi=—(V-4) = A=

;1=&jidf if J(0)=0

—(V-A) soV-4'=0

dar

1 (V-4
4;1"[ R

Ampere’s Law




Example: Find the magnetic vector potential of a finite segment of a
straight a wire carrying a current |

A Iﬁdz pnf e &

4“’ . V22482
_ pol " pf 22+ +/(22)° + &2
_ﬁz[ln(z+ 22+32)] - 4[:1' LI+W
B Yol . Eavz_avﬂg)h (Bv,;_‘ ) [i _Bv_.,-]n
Yy (s ad¢ 0z 27 0z i as(“’"") a¢ :
3A - pol .1 s I 1 s .
X qb A lzz+\/(32)2 + 52 \/(272 2_}_32 31+\/(51)2+32 \/(31)2_}_32 &
_pols | 22—+/(z2)*+ 42 1 — /()2 + 82 1
dr | (z2)% — [(22) + &%] \/(22)% + 2 22—[(z1)?+ 4% v (21)% + 82

ol s 1 Zo > pol 29 - Z1
2 A (__) !\/(32)2_'_32 1— \/(Zl +32 +1] fb_ Ars |:\/(z‘2)2+32 \/(31)2_'.32]

: 2
or, since sinf; = and sinfp =

\/(21)24-82 V)2 + 8
— #BI (511192 —sinfy) @




Example: Vector potential of a solenoid with n
turns per unit length

Current extends to infinity so cannot take the
integral directly, but 5

fa-dt=[vxd da= jB di = @
Compare this to ampere law B d[ ,Uolenc
B, = poNI
B,.=0

out

U NI(zrY)  r<R

M
I
9

CB {

§A4-di=[B-da=
! 4NI(ZR*)  r>R

A2xnr

("

/uON]ré r<nR
— 2
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Example: The vector
potential of a rotating sphere
with uniform surface charge
density o

. K
e f“ [=da
n° Z
surface integration over 0 is easier
in this orientation of coordinates

! 1
K ov |d]l R zz(R2+r2—2chos6")A, da=R’sin@ do do
®= OSMYX+ wCoSYZ

-~ -~ -~

¥ y z

V—@xr —| osiny 0 M COS Y/

Rsm&'cosp’ Rsin@'sing’ Rcos'
— Ro[—(cosy/' sin@' sin@")x + (cosy sin B’ cos @' —siny cos ')y

+(siny sin @ sin@')z]



V = Ro[—(cos /' sin @' sin ¢')x + (cosy sin @' cos @' —siny cos ')y

+(siny sin@'sin @')Z]
AF)=22= —R2 sin@' db' do’
49’?: 2
. 2z . 2r o . :
Since L} sin @ do =IO cos@ d¢ =0 and « 1s independent of ¢
all terms containg sin @' or cos ¢’ integrate to zero

3 o Fos r
= | HgRToosmy T cos@ sinf .| A
= The > Io 7, 2 740" |y
(R . 2Rrcos @)

+1 U
dld' = dul
I 1 (R? +1% —2Rru)"?

u=cost
du=—-sin@'dod’

J- 1 cos @ sin 0’
0 (R? +7? —2Rrcos@)?




+1 U
:J. dH -
- (R2 +7'? —2}»21”'14!)1’{;\i [ 2 d :ac:g x—2a)x+ a]
J.xfora 3( )
» ) +1
(R +7 —Rru) y
— (R2 +r2 —ZRm) 2

2R%*?
-1
T ; 2HR—F‘(R2+r2+Rr)—(R+r)(R2+r2—Rr)]
3Rr
ifr<R 1 v
=———[R-rYR* +r* +Rr)—(R+7r)(R* +7* —Rr)| =—
3R*r 3K
ifr>R
— 2 [~ RYR” + 1 + Rr)— (R+r)(R* +r2—Rr)]:2—}§
3R%r 3r
(27 )
DS HoR owsiny 3R? .
LAF) = [ 5 } 2R y

\3?’2 /



{2}”\ r<R

_ 350 ap2
A(F):— #UR oosmMy || 3R
2 2R

et

k3r2) r>R

SINCE WXV = —@rsmy/y ,.UOR(T e X
@Xy 1Ms1ae spnere

— A(}"’) =4 #OR‘J_D_

wxr outside sphere

3?’3

2,1:0}20'&,)

Field inside the sphere B=VxA®F)=

(Vx(AxB)=(B-V)A—(4-V)B+ A(V-B)-B(V-4) )
S Vx(&x7)=(F-V)d— (@ V)F + @&V -F)—F(V - &)
=0 -6 +36 -0 =20 |
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Summary

V-B=0 N¥xB=jy] = B(p)=— dr




Magnetostatic Boundary Conditions

(ﬁéda=0 @Bidz:(BHﬂbove _B||befow)€
Blabm’e T Blbefﬂw - xuﬂjenc . IUOK«(
I P

\ / B above o B below — ﬂ[}K

Babm-'e i Bbefﬂu-’ = Hy (K X ﬁ)

(E+,—E"y=—h)




Boundary conditions for the Vector Potential 4

V-d=0 = A+, =4+

above below | |

VxA=B = (ﬁﬁdZ:IEd&:(D—}OforaloopveryclosetoSurface

| |
A above — A below —

—_—

above — ;:if}'f?fﬂh-’ (Va — Vb)

(v X ‘;i)abm-'e — (v X ‘a)befﬂw = Ho (E o ﬁ)
.0 - ~ 0 - ~
(?’I = X A)abm-'e — (H = X A)E)efmt-' = Ho (K X ?’I)
on on
a‘aﬂbm‘e 8‘_456301*; - aVa — 3V5 = —z

on on - _‘uOK on on &o




5.4.3 Multipole Expansion of the Vector Potential

A= Hol (I) 1 dl (for a line current)
47 ° R

1 1 1 1 =
—= = ——(1+’—cosé"+ )

z (1-"2 + 7% — 27" cos 6’)1/2 & —2(r /1)0059]1/2 i r
e

N,UOI i __’ ’ = T Al
A= 4ﬂ_<.f> (1+10039+ Yl = 4/7 ,<j>dl+ (j)i cos@dl +---]

sl

<j‘>a’_£j = monopole term =0 no magnetic monopoles !
Ay



Hol Fol ¢ - 7)d
A, (F) = r'cos @dl = (r-
L 4m,295 Ao 2<ﬁ

Fx P xdi'y= Q7 F-di'y = dr' (7 -7
= § a7 *')] c]S (7 -7")dF = § dr' (7 -7
- _zc}i -7

i T
Ay, () = o - [—Erxcﬁ(f’xdr»')}

Ay

(F)= o WAL m = 1(}3 (,T'X df) magnetic dipole moment

Adip A . 2

m=la =—<§(7 Xd]) vector area



Example: Magnetic dipole moment of a bookend shaped loop:

- Ho MXT
Az, (7
ol . dzp( ) A7 r2
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B=VxA=

B =
[66 (sm¢9A¢)]r +— {—E(rAq,)ilH

o X (2cos€r+sm6h9)
472' r



