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Coordinate Systems

Cartesian coordinates :
« Three mutually orthogonal axes X,Y,Z,

unit vectors %,y,Z arein the direction of

increasing coordinate value.
A point P in space is given by the

projections x,y.z on coordinate axes.
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Infinitesimal volume element = dxdydz

Infinitesimal line element dr=dxX+dyy +dzz




Polar coordinates 7 1!
(2-dimensions): | ol
’ o dx
P(x,y)
0 1: >

In 2D Cartesian coordinates position (x,y)
infinitesimal line elements: dxx + dyy
infinitesimal area element: dxdy

In polar coordinates: position (r,0)

infinitesimal increments line elements: #dr + 8rdo
infinitesimal area element : rdrdo

e.g. area of a circle: fUR fﬂznrdrdﬂ — i

Unlike in Cartesian system not all unit vectors are fixed. Directions of

-~

6@ are depend on the position (polar angle 8).
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Cylindrical Coordinates 2\
« In cylindrical coordinates position of a | = 2
point P is given by: . 'jpj%;é
— r: the radial distance from Y axis f_f .
— ¢ :the azimuthal angle, measured f |
from the X-axis in the XY plane A7 ,
— z:the distance from the XY plane /_““T***—La___%i
(same as in the Cartesian system) o

By o by, 0+ v

« Unit vectors #, ¢, Z are in the direction of increasing coordinate

values.
« Directions of #and ¢ are depend on the position (azimuthal angle

P).

Relation between Cartesian and cylindrical coordinates.
X=rcos¢,y=rsing, z=z
# =%cos¢p+ Psing , ¢ = —%sin P + Jcos P
X=rcos@—@sin@, ¥ =rsin@+@cosQ
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« Sides of the infinitesimal volume element: dz; dr ;rd¢
 infinitesimal volume element= rdsdzd¢

0p  ~ldo .0
« Del operator: Vgp=r—£+g0——¢+z—€0
or rop oz

_10(4) 194, a4,
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Spherical Coordinates

In spherical coordinates position of a point
P is given by:

— r: radial distance the origin

— ¢ :azimuthal angle, measured
from the X-axis in the XY plane

— 6:angle between the Z axis and the
line from origin to point P

0<r<w, 0<d<2m, 0<O<m -

Unit vectors #, ¢, 8 are in the direction of increasing coordinate
values. Their directions depend on the position.
Relation between Cartesian and spherical coordinates.

x =rsinfcos¢, y=rsinfsing, z=rcoso

7 = Xsinf cos¢ + ysinOsing + Z cosb
0 = X cosf cos¢ + Y cosB sin ¢ — Zsin 6
Ej’; = —Xsin¢g + y cos ¢

#sin@ cos ¢ + O cos B cos ¢ — @ sin ¢
#sin@ sin ¢ + 6 cos @ sin ¢ + P cos
#cos® — B sin ¢

N> 2
I



Rsin 6 do

Line element: =dr# +rd0@+rsinfdo¢
Volume element: r’sin6d6d¢

\Y r—¢+¢§?li +@ b 0
Del operator : T cAD ¢rsin96¢¢

. e o(sin 6, ov,
V-V = 12 ( )+ - ( 6)+ . -
r or rsin @ o6 rsmé Op

Example: A sphere of radius 2 cm contains a volume charge density p
given by 10pcos?6 (Cm—3)Find the total charge Q contained in the sphere.



Summary

e e e
Coordinates Coordinates | Coordinates
Base vectors properties Rt=9-§=2-2=1 tit=¢-¢=122= R-R=0-0=0-¢=
k-y=9-2=22=0 | ¢=¢-2=2-#=0| R-6=0-¢4=¢-R=0
ixy=2 | Px¢=2 | Rx60=0
§x2=1% dx2=1 Ox9=R
| | ixg=9% | ixt=4¢ | ¢xR=0
Dot product, A-B = | AB+ABy+AB, | AB,+ABy+AB, | ArBr+AeBo+AsBs
3 3 3 P ¢ 1 X 9
Cross product, AxB = Ar Ay A A, Ay A, Ar As Ay
: Differential length, dl = Rdx+ydy+2dz tdr+brdo+2d; | RdR+ORdO+Rsinddo
Differential surface areas ds, =Rdydz ds, =trdddz dsg = RR*sin0d0 do
dsy =ydxdz dsy=¢drdz | dsg=0Rsin0dRd¢
a8 0y ds;=rdrd) | dsy=QRdRd®
Differential volume, dv = dxdydz rdrdédz ' R%sin0dRd0do

oa



Delta function:

%

r
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r

Naive calculation gives:

Vo — Iza(f”z"r)+ 1 5(82&191»’5)_'_ .i 5(%)
r or rsiné 06 rsmé O¢

VoV = ii[rz i) L2 (1)-0

2 21— 2 A
re or 5 re or

but it leads to contradiction with the divergence theorem, say applied over a sphere:

[ Peida= | L sin0dgdg = [ dQ=az= [ V-Far=0

Surface Swrface Surface volume

Problem is the field is o at r=0, and is not correctly expressed



v
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Problem is the field is co at r=0, and is not correctly expressed

According to the divergence theorm:

~ ~ . 1
[ VVar= [ Veada= [ —?dQ=4z
volume Surface Surface

which 1s independent of the radius of the sphere R, centered at the origin.
since V-7 =0 except at r=0,
entire contribution to the intergal 1s from » =0

so V-V =0forr=0
and IV’ -Vdt =4r for any volume containing » = 0

Not an ordinary fuction!



Delta Function

To work with such situations the Dirac delta function is §(x) used:

In 1-dimension it is defined as:

5(x)=0forx #0; 5(0) =00 such that | &(x)dx=1
It is an even fiction §(-x)=6(x) with unit area f Sx)dx =1
Can be considered as the limit of functions:
1

1
iz &
/0 /T\ fx) ;

—& & e

&)
b0l

lim /() = 5(x)



o(x—a) =0 forx #a and 6(x —a) = oo with ]zﬁ(x—a) =1
for a function /(x) : f(x)d(x) = f(0)S(x) , -ff(y)c‘i(x—y)ay = f(x)

Other properties of the delta function:

1) 5(&.1:)— ! éf(x) 4) §(x_x1)5(x_x2):§(x_3ﬁ)+§(x_xz)

al

% — %,
df @[ »_ oy ]
) 5(;‘@:)):‘ {ix 5(x) ) 6(x*-a ):E(é‘(x—a)+5(x+a))
where f(x,) =0
3) xi(cﬁ(x)):—é(x) (6) 5(:—x):LTem”‘“dm
dx 27



3D Delta function
1D delta function can be generalized to 3 Das  §(r)=3(x)d(y)5(z2)

Sedv=[" [ [ 8818 (2)dxdydz =1

J. all space

and () (r—a)dr = f(a)

all space
Now consider p = r
.2
Since according to divergence theorem LV Vdv=1 and

vol 47T

V-V=0forr #0, V-V has the same properties as the delta function

L) = 476 (r)

r

3
= V¥V =5°(r) = V-(

-~

V@)= = Vi) =-4187()




now

I Vevdr = I (%)dr— I 4rs® (r)dr =4n
Sphere Sphere . Sphere
= .[ V eiida
Surface

As required by the divergence theorem



Helmholtz Theorem
(The fundamental theorem of vector analysis)

The Helmholtz theorem states that any continuous vector field can be
written as a sum of a gradient of a scalar field and a curl of a vector field.

V(r)=VU(r) +V x W(r)

U is called the scalar potential and W is called the vector potential of the

field Proof:
using VW = V(v-l?)—vx(wf’)
P
dr r'-r — :
[L—" / define U(r)= I V() dr' where the volume V is all space
\ / Arx ‘r r ‘
I.l' // r
\ then VU (r) :—If(r W? : _dT' (V applies onr)
0 Az 0 e

= ijﬁ(rw(r—rodr' =V ()
Az,

S0 V()= V(V V(1) -V x(VxV(r)
define UM) =V -V(r) and WE)=V xV(r) = V(r)=VU(r)—VxW(r)
(Both U(r), W(r) have to go to zero faster than 1/r2 as r —oo)
: boundary condition



V(ir=VU@)-VxW(r)

The divergence and curl of a vector field uniquely define a vector
field.

* So any vector can be written as a sum of a Divergence less field
and a Curl less field.



