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Vector Calculus
Fields:

A field can be defined as a function that specifies a value for a
particular quantity everywhere in a region. It could be a scalar,
vector or other type of field.

— Air temperature in a room: every location has a specific temperature
so temperature can be considered as scalar field.

— Wind speed: Speed of air in the atmosphere is another example, since
wind speed has a direction (velocity), it is a vector field.

Wind speed at sea level during hurricane Katrina



Gradient of a scalar Field
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* Suppose a certain scalar ﬁ:—:-ld (i.e. temperature) given by T(x,y,z)
temperature at the point P; is T(r) = T(x,y,z)
temperature at the point P, is T(r+dr)=T(x+dx,y+dy,z+dz)

The displacement from Pl to P2 is the displacement vector dr with
components (dx,dy,dz). dr =dxx + dyy + dzz

Temperature difference between P1,P2: dT = T(r+dr)-T(r)
dT=T(x+dx,y+dy,z+dz) - T(x,y,z)

dTng}(—i—gd}f—i—ﬂdz
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But dx=Xedr dy=yedr dz=2zedr

SO dT :—dx+—dy+—dz
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So the change in temperature dT is given as the projection of a
‘change of temperature vector’ (inside square brackets)
corresponds to the displacement dr .

This vector is called the Gradient of the scalar T,
written as Grad T or VT.

It is a generalization of one the dimensional differential operator

ﬁz lim (—[f(f+if) f(r)]]—> df = dfdr

to 3 (or higher) dimensions: df:i}ﬂ([f(r +Ar) — f(r)]) = Vf ~dr



Gradient operator

rate of change in this
direction = k- VT
—— T constant curves

E : - _ VT, maximum rate of
~\ 4 \change in this direction
T(xy) T high : ol |
T low A surface of constant ¢ (a level
surface), Vg is normal to it.

+ Gradientis the ‘slope’ of a scalar field at a point. It gives the
direction and magnitude of the greatest rate of change of the field.

« Rate of change in any other direction is given by the projection of
gradient in that direction

- Rate of change in a given direction = k- VT,
k unit vector in that direction



‘Del” Operator

VT - 5T 6T 6T

o ay e
can be considered as the operator V= 1£+y£ +z§
acting on the scalar field T. o ‘

It is called the ‘del’ operator when grad T is written as VT it
represent this process.



Example:

 Find the directional derivative of f(X,y,z)= x* +y? +z*> along the direction
3% + 2§ — Z and evaluate it at the point (2,1, 2).

ve=|z2 +y Lol (x* +y° +2°) = 2xX + 2yy + 222
x oy oz

Lets denote the given direction as a

i i i i 5 3R+25—7 3X+2V—Z
The unit vector in the direction of a=a=> = —2"2 _ — Y
la]  /324224(-1)2 NEV)

directional derivative in the direction 33+ 2y -2 =a-Vf

_ 3R+2y—Z ~ A Ay OXtH4y—2z
=—ra (2xX + 2yy + 22Z) = Nev,
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at the point (2,1,2) = = ==




Find the gradient of r = \/x2 + y2 4 z2 (the magnitude of the position vector).

Problem 1.13 Let 2 be the separation vector from a fixed point (x’, v/, z') to the point (x, v, z),
and let 2 be its length. Show that

a) V(2°) = 2.
(b) V(1/2) = —4/22.

(¢) What is the general formula for V (2)?



Divergence of a Vector Field

Flux (amount of flow) through area AS = ASvcos6@
=AS D

o vector area (directed area)

+ The divergence of a vector field at a given point is the net
outward flux per unit volume. It is a scalar quantity.

net outward flux of A over an infinitesimal volume

div A — V A —
Wi volume
$A-dS
=1im= flow of A integrated over the surface
AV —0 &V

It represents the amount of field sources at each point.

Net outward flow, Net inward flow, No net outward flow
positive divergence positive divergence zero divergence
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coordinates:

M 2&1

Z ' P(x,y.2)
(x-Ax,y-Aylz-Az); 24y

Divergence in Cartesian /

7

(x+Ax, y+Ay,z+47)

W
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* Suppose a vector filed A =(A,,A ,A,) at the the point (Xx,y,z).

Lets calculate the net outward flus of this field over a small rectangular
box of size (2AX,2Ay,2Az) centered at (X,y,z)

On the left face of the box outward flux is

OA,
=—A (X,y — Ay,z) 2Az.2Ax = —[ Alxyr) g}',&y}ﬂﬁz&x

: T : T
field normal to face area
at the center of face

On the right face of the box outward flux

= A (X,y +Ay,2).2Az.2Ax = [ &XJA&Z&X
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Total outward flux from left and right faces

A, OA | OA
= A}__(Xzy,z)— Gy Ay |.4AzAX + A}__(xjy,z)Jr éy Ay [4AzAx =8 éy AxAyAz

Similarly
Total outward flux from front and back faces = 8%:‘5 AXAYyAzZ

Total outward flux from top and bottom faces =8(;AI AXAyAz
Z

OA g oA cA oA oA
— 2 L 2 LRAXAYAT — L Lo = AN
Total outward flux ( ; 5 Py } y ( ; > = J

$A-dS
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Divergence




oA, OA, 0A,

= =

= 1v;;i+vi+zE (AX+Ay+Az)
= -

N A

Divergence of the vector field A =

Divergence Theorem:

The total outward flux of a vector field A at the closed surface S is
the same as volume integral of divergence of A.

gﬁA ds jv A dv

Here c_fJA dS is the surface mtegral of A over the surface

7 T4
iy
flux through the surface = area - A field nomal to it /;//A'

AS 5
element of area AS —AS‘A|CDSG ASA - A

;AS-A - ///

AS: directed area element (direction of area is the normal direction)



Problem 1.15 Calculate the divergence of the following vector functions:

(a) vy, = 2R+ 3.1':253 — 2x7 2.
(b)vp =xyx + 2yzy + 3zxz.

©) Ve = v2&+ 2xy +22) ¥+ 2yz Z.
Problem 1.16 Sketch the vector function

r
V-——_j.
rd—-

and compute its divergence. The answer may surprise you

...can you explain it?



The Curl of a Vector Field

Since the del operatorV = ﬁ§+§r%+§;—z is a vector, it is possible to

take the vector product of it with a vector field.

The vector field produced by this operation is called the cur/ of the
vector field.
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url of a vector field describes the infinitesimal rotation
ilation) of the vector field.

)d measure of the circulation is the line integral of the field
1d a closed curve at a given point. If the vector field is
‘ional” it contributes to the integral.

The line integral of the field A along the closed

curve C, gﬁc A - Al is the integral of component
(projection) of the vector field along the curve.

For a small segment of the curve Al :
|Al||A|lcos8 = A - Al

ssible to

"of the
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local rotation
everywhere

bulk rotation around center,
no local rotation elsewhere

Watch the video: www.youtube.com/watch?v=vvzTEbp9lrc
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L 20Y ¢ (%,Yo+AZ,2g+AZ)
(XoYo-AZ, 2+A7) |
207 *P(X0,Y0.20)
|
a b
(Xp,¥o-AY,zp-AZ) (Xo,YotAY,2,-AZ)

"
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X
To see this lets calculate the circulation of field A around a closed

rectangular contour abcd of size 2AYx2AZ around point P(Xx,y,z),
perpendicular to X axis.

$A-dl=[A-dI+[A-dI+[A-dI+[A-dl
abcd ab bc cd da

b b E‘EA ) 5A‘r
_[A -dl= _I.A‘_i,-'(xﬂ?yﬂ'?zﬂ —AZ)dy = _I.[A}-(Xi}: yi}vzi})_ﬂ‘z_ 8; ]d}’ =2AY [Ag,r(xﬂpyﬂnzﬂ) —AZ 52- ]
ab a a

o

evaluated at (:-:;,%,r,:,z,:}

d d 6A 5A‘r
IA-dl=J'—A}__(xﬂ,yﬂz,zﬂ—&Z)dy:_[—[ﬂ}__(xmyﬂ,zﬂ)JrﬂZ a;]d}’ :'ZﬂY(A}..(KG:.Y{.:.ZG)JFﬂZ 6‘1]
ed c c

OA, A, OA
so [A-dI+ [A-dI=2AY| A (x,,Y,.2,) —~ AZ - 2AY| A, (X0, ¥0.Z,) +AZ - =—4AZAY -
ab ed Z £



The Curl of a Vector Field

similarly [A-dl+[A-dl=2= oL
bd da
cA CA
$A-dl=[A -dl+[A-dI+[A-dI+[A-dI=4AZAY te f}:ASEBAZ— }
abed ab e cd da sy o4 oy 0z
area of loop
SA
- A-dl= 40, =Xx-component of V x A
AS eq 0z

curl of the vector field A can be defined as:

curl A =Vx A= hm—[mj)A dIJ
e.s—mAS

max

AS is the area enclosed by an enclosed curve C
oriented such that the integral has maximum value.

n : unit vector normal to area AS, in the direction of
motion of a right handed screw when it is turned in
the direction of integral is taken.
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Stokes’ Theorem

+ Stokes’ theorem converts the surface integral of the curl of a
vector field over an open surface into a line integral of the vector
field along the curve bounding the surface.

I(VxA)-dS=(ﬁCA+dl

Validity of this can be intuitively seen
directly from the definition of curl

oL 5 )
VxA=lim—|npA-di = ASVxA=ndA-dl .
- max c ,..foﬁkil LN
SN DD
= VxA-AS=¢}A-dl AT SO
o B ) e ey
Divide the surface in to a large number of small fi%f’.}”‘{f}kj@ﬁ@lf =
areas and apply above to each and take the sum Xl

» the line integrals along the common sides
of adjacent areas mutually cancel.
* onlythose sides in the periphery of the
surface contributeto the sum.

¥ Nx<A NS Y caEaA-dI

al areas all areas p¢

~ In the limit areas are infinitesimal this becomes the Stokes’ theorem



Laplacian Operator

The Laplacian operator is the scalar product of the del operator with
itself.

V:=V.V
.0 L0 .0 .0 .0 .0
= | X—4+y—+Z— || X—+y—+Z—
ox ‘oy oz)\ ex oy oz
o0 o8 9
_aXE ay:? az_.?

The result is a scalar operator. It can be applied to a scalar or
vector field.

For a scalar field ¢
2 2 2
v2¢:6q;+é‘d;+é‘d;
ox~ Oy 0z

for avector field A =xA, +yA +ZA,

o° o &
V°A = (6 ~+ oy *3 EJA =xV’A_+yV’A_+zV’A_
X Z '



