
PHYS 721 – Bessel functions – Useful formulas

BESSEL FUNCTIONS

Differential equation: [
z2 d

2

dz2
+ z

d

dz
+ (z2 − ν2)

]
uν(z) = 0 ,

Independent solutions:
Jν(z) and J−ν(z) .

Usually, instead of J−ν(z) the following function is defined:

Yν(z) =
1

sin(νπ)
[Jν(z) cos(νπ)− J−ν(z)] .

Jν and Yν are called Bessel functions of first and second kind.

Series representation:

Jν(z) =
(
z

2

)ν ∞∑
k=0

(−z2/4)k

k!Γ(ν + k + 1)

Hankel functions of first and second kind:

H(1)
ν (z) = Jν(z) + iYν(z) , H(2)

ν (z) = Jν(z)− iYν(z) .

Properties:
H

(1)
−ν (z) = eiνπH(1)

ν (z) , H
(2)
−ν (z) = e−iνπH(2)

ν (z) .

If ν = n is an integer:

J−n(z) = (−1)nJn(z) , Y−n(z) = (−1)nYn(z) .

Yn(z) =− (z/2)−n

π

∞∑
k=0

(n− k − 1)!
k!

(z2/4)k + (2/π) ln(z/2)Jn(z)+

− (z/2)n

π

∞∑
k=0

[ψ(k + 1) + ψ(n+ k + 1)]
(−z2/4)k

k!(n+ k)!
,

where ψ(n) = −γ +
∑n−1

k=1 k
−1.

Integral representation:

Jn(z) =
1
π

∫ π

0

dθ cos(z sin θ − nθ) ,

1



Small arguments:

Jν(z) ∼ (z/2)ν

Γ(ν + 1)
, ν 6= −1,−2,−3 . . .

Yν(z) ∼ −iH(1)
ν (z) ∼ iH(2)

ν (z) ∼ −(1/π)Γ(ν)(z/2)−ν , Re (ν) > 0 ,

Y0(z) ∼ −iH(1)
0 (z) ∼ iH

(2)
0 (z) ∼ (2/π) ln z , ν = 0 .

Asymptotic expansion (|z| → ∞):

Jν(z) =
√

2/(πz) cos(z − πν/2− π/4) + . . . ,

Yν(z) =
√

2/(πz) sin(z − πν/2− π/4) + . . . ,

H(1)
ν (z) =

√
2/(πz) ei(z−πν/2−π/4) + . . . ,

H(2)
ν (z) =

√
2/(πz) e−i(z−πν/2−π/4) + . . . .

Expansion for large orders (ν →∞):

Jν(z) ∼ 1√
2πν

(
ez

2ν

)ν

,

Yν(z) ∼ −
√

2
πν

(
ez

2ν

)−ν

.

Recurrence relations (Ων = all Bessel/Hankel):

Ων−1(z) + Ων+1(z) =
2ν
z

Ων(z) ,

Ων−1(z)− Ων+1(z) = 2 Ω′ν(z) ,

Ω′ν(z) = Ων−1(z)−
ν

z
Ων(z) ,

Ω′ν(z) = −Ων+1(z) +
ν

z
Ων(z)
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MODIFIED BESSEL FUNCTIONS

Differential equation: [
z2 d

2

dz2
+ z

d

dz
− (z2 + ν2)

]
uν(z) = 0 ,

Independent solutions:
Iν(z) , and I−ν(z) .

Usually, instead of I−ν(z) the following function is defined:

Kν(z) =
π

2 sin(νπ)
[I−ν(z)− Iν(z)] .

Jν and Yν are called Bessel functions of first and second kind.

Series representation:

Iν(z) =
(
z

2

)ν ∞∑
k=0

(z2/4)k

k!Γ(ν + k + 1)

If ν = n is an integer:

I−n(z) = In(z) , K−ν(z) = Kν(z) .

Kn(z) =
1
2

(
z

2

)−n ∞∑
k=0

(n− k − 1)!
k!

(−z2/4)k − (−1)n ln(z/2)In(z)+

+ (−1)n 1
2

(
z

2

)n ∞∑
k=0

[ψ(k + 1) + ψ(n+ k + 1)]
(z2/4)k

k!(n+ k)!
.

Integral representation:

In(z) =
1
π

∫ π

0

dθ ez cos θ cos(nθ) .

Small arguments:

Iν(z) ∼ (z/2)ν

Γ(ν + 1)
, ν 6= −1,−2,−3 . . .

Kν(z) ∼ (1/2)Γ(ν)(z/2)−ν , Re (ν) > 0 ,

K0(z) ∼ − ln z , ν = 0 .
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Asymptotic expansion (|z| → ∞):

Iν(z) =
ez

√
2πz

[1− (4ν2 − 1)/(8z) + . . .] ,

Kν(z) =
√
π/(2z)e−z [1 + (4ν2 − 1)/(8z) + . . .] .

Recurrence relations (Ων = all Modified Bessel):

Ων−1(z)− Ων+1(z) =
2ν
z

Ων(z) ,

Ων−1(z) + Ων+1(z) = 2 Ω′ν(z) ,

Ω′ν(z) = Ων−1(z)−
ν

z
Ων(z) ,

Ω′ν(z) = Ων+1(z) +
ν

z
Ων(z)
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