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Noncommutative quantum field theory
.inspired by quantum mechanics:

p.q] = —th, AgAp > h/2

. coordinates satisfy the ”canonical” commutation relations:
e, 8| = 8

. spacetime uncertainty relations:

Azl Az” > —H

DO | —

— space-time points — Planck size area cells.

— world appears to be granular.



Quantum Hall effect

. Electron moving on the (z,y) plane in a uniform electric field E = —V¢ and the
uniform magnetic field B:

. symmetric gauge:

and the scalar potential is:

. Hamiltonian becomes:




. Eigenvalue problem

HU = EV
. Change of variables:
z = x+1y,
. L, . o
P = 5(]91; — Zpy>'
We define:
B B.
b= —2ip, + 25+ X, b=2ip, + =5+ \
2C 2C
and

B B.
d = —2ip, — 62—2 d = 2p, — 62—5
C C

where A = mcFE /B and:
[6,b7] = 2mAw
[d!, d] = 2mhw

with w = eB/mec.



. Hamiltonian:

0 = i(bb* +blb) — i(df +d) — A
) B 4m ) 2m 2m
H = H,.— H;
. The harmonic oscillator part:
- 1
Hye = —(bb" +b'b
4m< +5)
the eigenvalue equation f[OSCCDn = 2D, solution is:
1
d, = (510 >,
v/ (2mhw)nn!

h
Eoe = 7“’(27%1), n=0,1,2,..



. The eigenvalue equation for H 19 = E,¢, In terms of eigenvalues of 7;:

, mw
¢y = exp (—z(vy + ﬁx?ﬂ)
hA \°
[, = = =— € R
Y m Y + 2m7 Y
. Energy spectrum of the Hamiltonian H is:
1 mw
Ui, =|nv = ex (—i + —= )bT”O>,
(ny) = 17:7) N (vy +o-2y) ) (B1)"]
hw hA A\
Epy=—=0@Cn+1)——y——

m 2m



N

. Current operator J on the noncommutative plane as

T

. The expectation value of (J) wrt eigenstates |n, ) is:

. Hall conductivity is:

where &g = hc/e

<J$> = 0,
A epc
(Jy) = ——f5E
__ere
B
2 Dpp
— —— Y Y= —=
h ' B



Noncommutative case:

. Commutation relations

o Py
= 1h g



. Commutation relations
[.I'Z', $j = i@zj,
- . 2'—
[pwp] = 1h g
[ZCZ', Pil — wh 62']'-

. Commutative set of canonically conjugate coordinates (v, 3;):

[aia O{] — 07
[CKZ', 53 = 1h 51]



. Commutation relations
[.I'Z', $j = i@zj,
[ZCZ', Pil — wh 62']'-

. Commutative set of canonically conjugate coordinates (v, 3;):

i, ij: = 0,
[Cki,ﬁj: = 1h 51]

. Relation between coordinates:
r;, — CLZ']'ij -+ bi]’ﬁj
pi = ¢i;fj + djja
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. Transformation matrices relations:

Q)
abl — bal = i
cd" —dc' = —h E
cal —bd! =1

. We choose:
CLZ'j — 52'3', Cij = C 6@']’
bij — b Gij, dij p— d Eij

. Transformation matrices become:

OLb:—9

2h
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. Then:

©
c :Z(u\/%), k=1—0OZ
i =0 (15 V)
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. Substituting
T, — CLZ']'O(]' + bijﬁj
pi = ¢;f; + dijo
in the Hamiltonian we have:
5 1 ©
H(O_Z, 6) = — {h% (Oéz'>2 + h% (51)2 — hgeijOéiﬁj} + CLGECVl — —eEﬁg
2m 2a
with

i efh e (2)]

18 = s [ (v - ()]

(QB)Q@MQE%B
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. Coordinate transformation:

51 — 51
%eE
52 — 62 - Qh%

and the Hamiltonian becomes:

L1
H(Oz, ﬁ) = [h% (Cki)Z + h% <ﬁz>2 + hgéi]‘O{iﬁ]} + hyoy — hs

2m
where,
VK
hy = +2eFa
4 06 (1xvr) - ($)]
1 e2 2
hs =

S [E(1 £ R - (D))
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. Eigenvalue problem
oV = EV
. Change of variables:
Z = a1 + tao,
b = S(51—iB)
We define:
bl = —2ihop: + hiZ 4+ X, b=2ihop. + hiZ + A
and
d' = —2ihops — hi2, d = 2ihep, — hiZ
where A\ = FmeFE+/k/h3 and:
[6,b7] = 2mAw
[d', d] = 2mhw
with w = hg/m.
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. Hamiltonian:

A A2

. 1
H=—b +b'b) ——(d +d) ———h
) 4Am< JAF ) 2m< e 2m °
H = Hosc — Hl
. The harmonic oscillator part:
- 1
H,, = —(bb + ')
oo CLA L)
the eigenvalue value equation ﬁosc@n = E2°P,, solution is:
1
d, = (5")"|0 >,
v/ (2mhw)nn!

h
Eoe = 7“’(27%1), n=0,1,2,..
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. The eigenvalue equation for H 190, = E,¢, in terms of a; and B

h
gb,y = exp (-’i(’}/OéQ =7 h—h12041042>)
hAR A2
E,= —2y+—+hs, yER
m 2m
. Energy spectrum of the Hamiltonian H is
1 . hy )
Vi,~om) =|n,7v06,2) = exp | —1(vas + — o« b0 >,
w02 = I10.0,3) = oy (il + o) ) 61"
hw RAhs )2
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Hall conductivity
. Current operator J on the noncommutative plane as
jo e A

AN
—
~—

. The expectation value of (J) wrt eigenstates |n,~, 0, =) is:

>

< SU> = 0,
. 1 — 6=
(y) = —erg— e 7=t
c  4nZ e
. Hall conductivity is:
1 - 6=
OH= ~CPp . B%6  »nc=

c 4hc? e
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. Hall conductivity is:

. If © and = equal to zero:

A= =0:

A O =0:

1 — O

OH= ~CPp B%6  hc=
c Ahc? e

o= —pec/B

1
o = ~ePp pe
c Ahc?

1

OH = =P 1=
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Aharonov-Bohm effect

. Hamiltonian:

L (ﬁ EE)Q +V
2m C
. Gauge:
_ B B

. Hamiltonian becomes

- 1 - 2 -
H(&, ﬁ) — % [<h2ﬁ _ h10_2> ] + V<O_2> ﬁ)

with g: <617ﬂ2> and a = <—Ck27 041>.
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. We now have to solve Schrodinger’s equation
1 [ h ’ - O
[ (hz V — hﬂ)é) + V( ) It

2m

2 h
where, 0 — V.

. We write
U = e
with:
h R
g(a) = h—;h]{o/do/
. Then
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. We note that g(a) is just a phase difference:

h ¢
g(a) = h—glh o'da’
h 0%
= glh (—ias +joi
hq 5
LY
el

. Substituting hy and ho:
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. Phase difference:

e uEve - ()]
If © and = equal to zero:
g(d) = —ed/h
For small © and =:
. eB _  eB’0 5
g(a) = (‘g = - 402h2> mo
. For = =0:
. eB eB*0 5
g(d) = <_ 7 402h2) (=
e =0:
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Thank you!!!
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