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Abstract

In this dissertation we study black-hole horizons in general relativity and in Gauss-Bonnet
gravity. We generalize Wald’s “black-hole entropy is the Noether charge” construction to
the first-order formalism of these theories. Next we construct the “membrane paradigm” for
black objects in Gauss-Bonnet gravity and demonstrate how the horizon can be viewed as a
membrane with fluidlike properties. Holography is invoked to relate the transport coefficients
obtained for the horizons in the membrane paradigm with the transport coefficients which

describe the hydrodynamic limit of the boundary gauge theory.
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Chapter 1

Introduction

Gravitation, being the manifestation of the curvature of spacetime, affects the causal
structure of spacetime. This can lead to the existence of regions which are causally inacces-
sible to a class of observers. An example of such a region is the portion of spacetime inside
the event horizon of a black hole, which is causally disconnected from any outside observer.
Hence, the relevant physics for the observers outside the black hole must be independent of
what is happening inside the black hole. This observation forms the basis of the membrane
paradigm for black holes.

The membrane paradigm is an approach in which the interaction of the black hole with
the outside world is modelled by replacing the black hole by a membrane of fictitious fluid
“living” on the horizon ( , , , ). The mechanical interactions of
the black hole with the outside world are then captured by the (theory dependent) transport
coefficients of the fluid. The electromagnetic interaction of the black hole is described by
endowing the horizon with conductivity and so forth. This formalism provides an intuitive
and elegant understanding of the physics of the event horizon and also serves as an efficient
computational tool useful in dealing with some astrophysical problems. After the advent
of holography, the membrane paradigm took a new life in which the membrane fluid is
conjectured to provide the long wavelength description of the strongly coupled quantum
field theory at a finite temperature ( , ).

The original membrane paradigm was constructed for black holes in general relativity

( , , , ). The membrane fluid has the shear viscosity, n =



1/167G. Dividing this by the Bekenstein-Hawking entropy density, s = 1/4G, gives a
dimensionless number, 1/s = 1/4w. The calculation which leads to this ratio relies only on
the dynamics and the thermodynamics of the horizon in classical general relativity. But,
interestingly enough, it was found by ( ) that the same ratio is obtained
in the holographic description of the hydrodynamic limit of the strongly coupled N = 4,
U(NNV) gauge theory at finite temperature which is dual to general relativity in the limit N —
oo and \; — oo, where N is the number of colors and ); is the ‘t Hooft coupling.

( ) conjectured that this ratio 1/47 is a universal lower bound for all materials. This
bound became known as the KSS bound. The relationship between the membrane paradigm
calculations and the holographically derived KSS bound was explained as a consequence
of the trivial renormalization group (RG) flow from infrared (IR) to ultraviolet (UV) in
the boundary gauge theory as one moves the outer cutoff surface from the horizon to the
boundary of spacetime ( , , , ). The universality of this
bound, how it might be violated, and the triviality of the RG flow in the long wavelength
limit at the level of the linear response were first clarified by ( ).

The general theory of relativity, which is based upon the Einstein-Hilbert action func-
tional, is the simplest theory of gravity one can write guided by the principle of diffeomor-
phism invariance while containing only time derivatives of the second order in the equation
of motion. Although such a simple choice of the action functional has so far been ade-
quate to explain all the experimental and observational results, there is no reason to believe
that this choice is fundamental. Indeed, it is expected on various general grounds that the
low-energy limit of any quantum theory of gravity will contain higher-derivative correction
terms. In fact, in string theory the low-energy effective action generically contains terms
which are higher order in curvature due to the stringy (o) corrections. In the context of
holographic duality, such o modifications correspond to 1/ corrections. The specific form

of these terms depends ultimately on the detailed features of the quantum theory. From



the classical point of view, a simple modification of the Einstein-Hilbert action is to include
the higher-order curvature terms preserving the diffeomorphism invariance and still leading
to an equation of motion containing no more than second-order time derivatives. In fact
this generalization is unique ( , ) and goes by the name of Lanczos-Lovelock
gravity, of which the lowest order correction (second order in curvature) appears as a Gauss-
Bonnet (GB) term in spacetime dimensions D > 4. Einstein-Gauss-Bonnet (EGB) gravity
is free from ghosts (unphysical degrees of freedom) and leads to a well-defined initial value
problem ( , , , ). Black hole solutions in EGB gravity have been
studied extensively and are found to have various interesting features ( ,
, , ). The entropy of these black holes is no longer proportional
to the area of the horizon but contains a curvature dependent term ( , ,
, , , , , ). Hence, unlike in general relativity, the
entropy density of the horizon in EGB gravity is not a constant but depends on the horizon
curvature. Now, the form of the membrane stress tensor in the fluid model of the horizon
is also theory dependent and therefore the transport coefficients of the membrane fluid will
change due to the presence of the GB term in the action. Hence, it is of interest to inves-
tigate the membrane paradigm and calculate the transport coefficients for the membrane
fluid in the EGB gravity. The violation of the KSS bound due to the GB term in the action
has already been shown by ( ) and ( ) using other
methods. Also, the arguments that there really are string theories that violate the bound
were presented by ( ) and ( ).

The plan of this thesis is as follows: In Chapter 2 we discuss the entropy of black
holes as given by the Noether charge corresponding to diffeomorphisms. We generalize the
Noether-charge method to the theories with local Lorentz gauge freedom by introducing a
gauge-covariant Lie derivative which realizes the action of diffeomorphisms on the dynamical

fields in a gauge-covariant fashion. In Chapter 3 we review the holographic principle and



we show how in the long-wavelength regime the linear response of the boundary gauge
theory to small perturbations is very well captured by the linear response of the black-hole
horizon. We introduce the membrane paradigm for the first time in this chapter which
connects the two descriptions. In Chapter 4 we first review the membrane paradigm in
general relativity and then construct the membrane paradigm for Gauss-Bonnet gravity.
The transport coefficients for different bulk backgrounds are then intrepreted via holography
as the transport coefficients of the dual gauge theory on the boundary. We conclude with
the discussion of the results. The Appendix contains the relevant identities and some basics

of hydrodynamics.



Chapter 2

Horizons

2.1 Introduction

A horizon is the causal boundary of the future history of an observer or a set of observers.
For example, consider an observer undergoing constant acceleration in the right quadrant of
the 141 dimensional Minkowski spacetime. In the whole history of her future she will never
be able to receive any signal that originates in the region on the left of the outgoing null
ray, see Figure 4.1. Hence this null ray forms the boundary of the set of events from which
she can receive signals and thus it acts as a horizon for her.

We will be interested in the event horizons of black holes. What is special about this
horizon is that it is the boundary of the set of events which can send signals to any observer
who reaches the future null infinity. For an asymptotically flat spacetime, the event horizon
is mathematically defined as the boundary of the causal past (J ) of the future null infinity
(D)t ( , ). Physically this is the surface from beyond which even light cannot escape.
Thus, classically black holes are black with zero temperature. However, Hawking showed
that when quantum mechanics is taken into account black holes emit thermal radiation at
a black-body temperature which is proportional to the surface gravity of the black hole
( , , ). One can then interpret the laws of black-hole mechanics as the
laws of thermodynamics with the role of entropy played by a quarter of the area of the
event horizon. The area theorem of Hawking, which says that the area of the horizon never

decreases in a classical process, lends support to this interpretation of the area of the horizon



as a measure of its entropy ( , ). Due to Hawking radiation though the
horizon loses energy and the area of the horizon can decrease, the black hole can evaporate.
The second law of thermodynamics was then promoted to the Generalized Second law by

( ). This says that the sum of the entropy of the horizon plus the Hawking
radiation plus other matter can never decrease. To account for the microscopic degrees of
freedom responsible for the black hole entropy is one of the driving forces for the research
in quantum gravity. Also, the area instead of the volume dependence of the entropy of the

black hole was a precursor of the holographic principle ( , , , ).

Notice that the entropy of the black hole is Area/4 only in general relativity, i.e., in
the Einstein theory of gravity. In more general theories of gravity there could be other
curvature dependent terms in the formula for the black-hole entropy. Wald has given an
elegant construction of the formula for the entropy of black holes in diffeomorphism-invariant
theories of gravity, ( ). His insight was based upon the proof of the first law by

( ) and the analysis of symmetries by ( ). This
construction was then applied to many diffeomorphism invariant theories by
( ). But only the metric theories of gravity were treated in these references. Here we
will generalize Wald’s method to the theories which in addition to being diffeomorphism
invariant also have another gauge invariance: the local Lorentz invariance. We will first
see how a naive application of Wald’s algorithm fails. We will then show why it fails and
how to recover the correct expression for the entropy. We then introduce a new kind of
Lie derivative which is gauge covariant and we will show how the use of this Lie derivative
as the variational derivative of fields gives the correct Wald entropy. It turns out that
the gauge covariant Lie derivative that we have rediscovered was recently constructed by
mathematicians using the language of fibre bundles and it was called the Kosmann derivative
( , ). We thus identify Wald’s entropy as the Noether charge

corresponding to the combined Lorentz-diffeomorphism symmetry.

In Section 2.2 we review the algorithm due to Wald which leads us to identify the



black-hole entropy as the Noether charge corresponding to the infinitesimal diffeomorphisms
generated by the Killing vector field which becomes null on the horizon. We will closely follow
Wald’s original paper ( , ). In the Section 2.3 we will apply Wald’s algorithm to
the first-order formulation of general relativity and find that the entropy seems to vanish.
In this section we also propose a resolution of this problem. In Section 2.4 we construct a
new representation of the diffeomorphism symmetry and realize it using a gauge-covariant
derivative and show how the black-hole entropy is the Noether charge corresponding to this
symmetry. Finally, in Section 2.5 we use our construction to calculate the black-hole entropy

in Gauss-Bonnet gravity. The results reported in this chapter are based upon original work

( , 2012).

2.2 Wald’s algorithm

Wald’s method applies to any diffeomorphism-invariant theory given by a Lagrangian
D-form where D is the spacetime dimensionality. The dynamical fields in the theory are
collectively denoted as ¢. The indices on the fields in this abstract treatment will be sup-
pressed.

The first variation of the Lagrangian under a variation of the dynamical fields ¢ can be

written as
0L = Ed¢p + dO(09), (2.1)

where d is the exterior derivative on the spacetime manifold. The symbol § in equation (2.1)
stands for the partial derivative on the phase space. There is an elegant geometrical way of
thinking about ¢ as an exterior derivative on the infinite-dimensional phase space (

, , , , , ). For our purposes though, we are
going to stick with the definition of ¢ as a partial derivative on the phase space. Since the

partial derivatives along two directions (d; and d9) commute, we have 619y = d50;.



The equation of motion satisfied by the field ¢ is given by £ = 0. The (D — 1)-form 6
is called the symplectic potential and is locally constructed out of the dynamical fields and
their first variation. The antisymmetrized variation of 6 defines the (D — 1)-form called the

symplectic current as

(¢, 010,050) = 010(¢, 020) — 520(¢, 010). (2.2)

Now, let £ be any vector field on the spacetime and consider the variation of the dynamical
field given by 0p = L¢p. Diffeomorphism invariance means that the variation of the La-
grangian is given by oL = LeL = digL, where i¢ stands for the operation of contracting the
vector index of £ with the first index of the Lagrangian form. Since the Lagrangian changes
by a total derivative we learn that the vector fields on the spacetime generate infinitesimal
local symmetries. Therefore, with each ¢ is associated a (D — 1)-form called the Noether

current form which is defined as

j=0(0,Led) —icL. (2.3)
The exterior derivative of j can be calculated using the equations (2.1) and (2.3) to be
dj = ELeo. (2.4)

Hence, we see that when the equation of motion F = 0 is satisfied, j is closed. Since this is
true for all £, it must be that the pull-back of j to the space of solutions of the equation of
motion is an exact form, 7 = d@, for some (D — 2)-form () called the Noether charge form
corresponding to . The integral of ) over a closed codimension-2 surface S is called the

Noether charge of S relative to £ ( , ).



The on-shell variation of j can be calculated to be
0j = 60(¢, Leo) — Leb(,00) + digh. (2.5)

If the covariant derivative V compatible with the unperturbed metric is Lie dragged by &,

we can combine the first two terms of equation (2.5) to get
6 = Qe, 00, Leg) + dich. (2.6)

Now, if the Hamiltonian generating the transformation on the phase space corresponding to
the evolution with respect to £ exists, then by its very definition, 0He = [, Q(¢, 00, Leo),

where ¥ is a Cauchy surface. Hence from equation (2.6) we get

5H§:/5j—/di§0. (2.7)
> P

It must be emphasized that equation (2.7) is well-defined, i.e., it does not depend on the
choice of the Cauchy surface > when (2 is a closed form. One has to show that this is the
case in the theory at hand by using the equations of motion and the linearized equations
of motion. This requirement typically imposes some restriction on the allowed variations in
the form of the boundary conditions. Also, if motions on the phase space generated by &
are gauge transformations then €2 is an exact form too.

On shell, d5 can be replaced by dd@ and we see from equation (2.7) that the variation

of the Hamiltonian is given by the boundary integral

SHe = /8 (5@ —ie0). (2.8)

Now consider a stationary black hole with a bifurcation surface Sp and a Killing field ¢ that

vanishes on Sp ( , ). The Killing field £ can be written in terms of the



stationary Killing field ¢ and the axial Killing field ¢ as
£ =17+ 0", (2.9)

where (2 is the angular velocity of the horizon. Now choose the hypersurface ¥ to run from
spatial infinity and intersecting the horizon at Sg. Since ¢ is the Killing vector field we have
Lep = 0. This implies that dHe = [, (¢, 0¢, L) = 0. Then using the fact that £ = 0 on

Sp equation (2.8) gives

5/33@:/00(5Qt—it9)+9/005%. (2.10)

The terms on the right-hand side of equation (2.10) coming from the boundary at infinity are
the variation of the Hamiltonian corresponding to the stationary and the axial Killing vector
field, respectively. These terms can be recognized as the 6€ and —§.7 where £ and J are the
asymptotically defined Energy and Angular Momentum, respectively. Thus, equation (2.10)
is recognized as the first law of black-hole mechanics. However, the left-hand side of (2.10)
is not of the form of k times the variation of a local, geometric quantity on Sp. Besides
the fields contained in the Lagrangian, it also depends on £ and its derivatives. But all that
dependence can be simplified using the fact that £ is a Killing vector field and therefore the
only degree of freedom is in its value and its first derivative. Higher-order derivatives of
¢ can be written in terms of the Riemann tensor and the first-order derivative of £. Now
on the bifurcation surface, the first-order derivative of £ is V& = Kkng,, where ngy, is the
binormal to Sg. Also, £ vanishes on Sp by the definition of bifurcation surface. Hence all the
dependence of ) on £ is contained in k. We take a factor of x out of () thus writing () as
times Q. Now identifying /27 as the black-hole temperature we get the expression 27 [ e Q
as the entropy of the horizon. So we have the expression of the entropy as a local, geometric

quantity constructed out of the dynamical fields in the Lagrangian. Finally, assuming that

10



the zeroth law of black-hole mechanics, i.e., the constancy of the surface gravity x on the
horizon, holds true then the first law of black-hole mechanics really looks like the first law

of thermodynamics
K
—065 =08 — Q0. (2.11)
2T

This completes Wald’s identification of the black-hole entropy as a Noether charge corre-
sponding to the infinitesimal diffeomorphism generated by the Killing-field £. In the next
section we apply this formalism in the first-order formulation of general relativity. The
lower case Latin indices will stand for the internal Lorentz indices and the spacetime form
indices are suppressed. Useful identities are collected in Appendix A and we shall use them

extensively without any warning.

2.3 General relativity in the first-order formulation

The Lagrangian 4-form for General relativity in 4 dimensions in the first-order formalism
is written in terms of the vierbein one forms e®, which are so(3,1) vector-valued, and the
s0(3,1) valued connection one forms w®. These are the dynamical variables of the theory.
Instead of working directly with the vierbein it is more convenient to work with the field

1
B, defined as By, = §eabcdec A e?. The Lagrangian can be written as

L=t(BAR), (2.12)

where R is the curvature 2-form of the connection, R = dw + w A w. This Lagrangian is
manifestly gauge and diffeomorphism invariant. We are working in units such that 167G = 1.

An arbitrary variation of L gives

0L =tr(0BAR—DB A dw) + dtr(B A dw). (2.13)

11



Here, D is the covariant exterior-derivative and we have used the identity 6 R = Ddow. The

equations of motion are given by

DB =0, (2.14)

R=0. (2.15)

The first one of these says that the action of D defined by w on the Lorentz indices is the same
as that of the unique derivative V that annihilates the vierbein, V ej = 0. This equation
can be solved to write the connection w in terms of the vierbein and Christoffel symbols.
When substituted in the second equation of motion, one gets the Einstein equation. When
the equations of motion are satisfied, the curvature of w is related to the curvature of the
Christoffel connection, R,,”’e%el = R,™.

From equation (2.13) we can read off the symplectic potential 6 as
0 = tr(B A dw). (2.16)

Given a point in the phase space with coordinates (e?, w®) and two tangent vectors (§;e%, 6;w®)
and (dye?, Jow®), the second variation of the symplectic potential gives the symplectic cur-

rent
9(517 52) =tr (513 N (52(,&) - (52B VAN 51W) s (217)

where the argument of € on the left-hand side stands for two tangent vectors: (d1,ds) =:
((616“, S1w®), (62, 52w“b)). Now, vector fields on the spacetime constitute a collection of
infinitesimal diffeomorphisms. To each vector field &%, associate a Noether current 3-form
] = 9(5) — i¢L, where § means the variation on the phase space induced by taking the Lie

derivative of fields along £* on the spacetime, i.e., 5 = L¢. This gives the Noether current

12



corresponding to the infinitesimal diffeomorphisms as

j=—tr(DB Niew) — tr(ieB A R) + dtr(B A iew). (2.18)

Using the equations of motion the first two terms on the right-hand side are seen to vanish

and we get 7 = dQ) where

Q = tr(B Aiew). (2.19)

Thus, when the equations of motion are satisfied we have that j is an exact and hence
closed form, i.e., dj = 0 on shell. According to the general arguments due to Wald that we
reviewed in Section 2.2, if £ is taken to be the Killing field that becomes the null generator
of the horizon and vanishes on the bifurcation surface, the integral of () over the bifurcation
surface gives kS, where k is the surface gravity and S is the entropy of the black hole. But
we see from equation (2.19) that @ = 0 on the bifurcation surface because £ vanishes there.
This seems to suggest that Wald’s algorithm, when applied in the first-order formulation of
general relativity, gives a zero entropy. This cannot be correct. What went wrong?

It must be that something singular is happening on the bifurcation surface. The con-
nection is diverging and £ is approaching zero in just such a way that the Noether charge
is finite and non-zero. To see this, recall that Wald’s algorithm requires that the dynamical
fields should be Lie dragged by &. If the vierbein is Lie dragged by & then w will be Lie
dragged too, because w is determined from e on shell. Now demanding that Lce® = 0 we

get

,Cgea =0 = iEDea + Digea . igwab A eb. (220)

13



Solving this equation for i.w we get
iew®y = e) D, (ige?). (2.21)
On substituting this in the equation (2.19) we get

1
Q= éeabcdec A ede““Du(fpef,). (2.22)

Integrating this on the bifurcation surface we get

1

Q=
Se 2

/ €abea” N €€l VP E7, (2.23)
Sp

where we have replaced D, by V, because on shell their action is the same on internal
indices. Now we get rid of the differential-form notation and write everything in terms of
tensors and noting that on S, we have V,§, = kn,,, where n,, is the binormal to Sg, we
get

1

Q=
Sp 2

/ eabcdeZegeZegh;n”e“”\/E, (2.24)
Sp

where /o is the volume element of Sp and " is the volume form on Sp. Now freely
converting between internal and spacetime indices and noting that n®egp.q = 2€.q wWe get

after restoring 167G,

1 k Area
_ - . 2.2
/SB ©=5G" /SB (i mTe (2.25)

Thus we recover the formula for the black-hole entropy in general relativity in the first-order
formulation using Wald’s algorithm. In the next section we discover a new mathematical

structure which will lead us to an elegant derivation of the black-hole entropy.
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2.4 New symmetry and the Noether charge entropy

In the last section we mentioned that it was necessary that the dynamical fields should
be Lie dragged by the Killing vector field £ for Wald’s algorithm to go through. Let us recall
the reason why we needed that in the first place. The symplectic structure for a general,

and not necessarily a Killing, vector field £ is
Q((S, 55) =0B A 55&) — 558 A dw. (226)

Using the equations of motion DB = 0 and R = 0 and the linearized equations of motion

DB = [dw, B] and Déw = 0, the symplectic structure can be written as
Q(é, (55) =d (5B A\ igw - 1§B A &,u) . (227)

Thus, the symplectic structure is an exact form, as it should be for a diffeomorphism invariant
theory. However, recall how the first law of black-hole thermodynamics was obtained. We
obtained equation (2.10) because the dynamical fields were Lie dragged by the Killing vector
field £ so that €(6, d¢) vanished identically. Hence the surface integral at the inner bounday
becomes equal to the one at the outer boundary. The outer boundary contribution gives
the change in mass plus the angular velocity times the change in angular momentum of the
black hole. Then comparing with the first law of black-hole thermodynamics, we identified
the surface term in the inner boundary as equal to kS and we could read off the expression
for S. But we see from equation (2.27) that there is no reason why (6, d¢) should vanish
if ¢ is a Killing vector field. Therefore, as it stands Wald’s construction will not go through
and one cannot obtain the black-hole entropy from the Noether charge method.

In the last section, we forced €2(d,d¢) to vanish by fixing the gauge so that Lee® = 0.
But this condition cannot be maintained at the bifurcation surface. Thus one needs an

alternative method to extract the black-hole entropy.

15



We start by introducing the definition of a gauge-covariant Lie derivative,

556” = Ege“ —|— )\ab eb, (228)

and 55&)@1) = ,ngab - D)\ab. (229)

where A%, = i.w® + eZebVV[“fl’}. Here V is the covariant extension of D. It is the unique
connection which is compatible with the vierbein. The point of the definitions in equations
(2.28) is that when we are on shell (i.e., De = 0), i.e., if the connection w?, is torsion-free

and hence determined from the vierbein e®, then it is easy to check that
a 1 ap
g€l = 3¢ LeGop- (2.30)

Thus, when £ is a Killing vector field d¢e® = 0 = §ew®. The variation defined in equations
(2.28) and (2.29) is called the Kosmann Lie derivative in the mathematical physics literature
(see for example ( ).

Since the new variation is the linear combination of ordinary Lie derivative and a gauge
transformation, and since the Lagrangian is invariant under gauge transformation (i.e., it
does not produce even a surface term under gauge transformation), it follows that the
variation of the Lagrangian under the field variation defined in equations (2.28) and (2.29)
produces the same surface term as it did under the old variation, which was induced by
the Lie derivative of the fields. Hence the symplectic potential does not change either.
The expression of the Noether current corresponding to the invariance under these field

transformations is the same as before,
Jj=tr(BAdw)—trig(BAR). (2.31)

On using the equation of motion and the definition of field variations it now follows imme-

16



diately that j is an exact form, 7 = d@, where
Q = B, Ve, (2.32)

which is the desired Komar form as is easily seen by comparing it with equation (2.22). Rest
of the steps are then identical to those after equation (2.22). Thus, we see that the black-hole
entropy is still the Noether charge but the symmetry that it is the Noether charge of is not

the diffeomorphism but a certain combination of diffeomorphism and gauge transformation.

2.5 Black-hole entropy in Gauss-Bonnet gravity

The computational efficiency resulting from our use of the gauge-covariant Lie derivative
will be apparent now when we calculate the black-hole entropy in Einstein-Gauss-Bonnet
gravity in five dimensions. For the reasons discussed in the previous section, all we need to do
to find the black-hole entropy is write down the expression of Noether charge corresponding

to the gauge-covariant transformations of the fields given in equations (2.28) and (2.29).

The Gauss-Bonnet (GB) part of the Lagrangian is given by
L=a R™ARN el eqpeq, (2.33)

where o is the GB coupling which we shall set to unity and only in the end shall we restore

it. An arbitrary variation of the Lagrangian gives
6L =2 d(0w™ A R A e €apegr) + 2 6w™ A R A Del qpear + R A RN 5el €apegp. (2.34)

Unlike general relativity, the torsion-free condition is not an equation of motion for the pure
GB theory. In order to not have the torsion propagating we have to restrict ourselves to
a torsion-free connection by hand. Then the equation of motion obtained by setting the

coefficient of dw equal to zero is automatically satisfied. The remaining equation of motion
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is R%® A RCdeabcdf = 0. The symplectic potential can be read off from the variation of the

Lagrangian as
0=2 &u“b VAN RCd AN efeabcdf. (235)
Given a vector field £, the Noether charge due to the induced variations of fields is

j=0(d) —icL

=2 5§w“b AN RCd N 6f6abcdf - ig(Rab VAN RCd AN 6f€abcdf>‘ (236)

Using the equations of motion and the gauge-covariant Lie derivative of w given in equation

(2.29) we see that j is again an exact, and hence closed form, 7 = d@, where
Q = —2 Ve RN el eppeqy. (2.37)

Integrating () over the bifurcation surface Sg and using the fact that on Sg the Riemann
tensor with all its indices projected on Sg is equal to the intrinsic Riemann tensor of Sg we

get, after restoring o/,

Q=-8/k | o®R. (2.38)
SB SB

Hence the contribution of the GB term to the black-hole entropy depends upon the intrinsic

Ricci curvature of the horizon,
S =—16ma’ | o OR, (2.39)
Sp

which is the correct expression for the black-hole entropy in Gauss-Bonnet gravity (

) )'
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Chapter 3

Holography

3.1 Introduction

The holographic principle states that a quantum theory of gravity in d 4 1 dimensions is

dual to a non-gravitational quantum field theory in d dimensions ( , , ,

). The AdS/CFT correspondence, where AdS stands for Anti-de Sitter space and CFT
stands for Conformal Field Theory, is a concrete realization of the holographic principle
( , , ; , , ). The correspondence relates type
IIB string theory on AdSs; x S° to A" = 4 Super Yang-Mills theory on a four-dimensional
Minkowski spacetime. The strong form of the conjecture states the equality between the
partition function of the two theories ( : ).

The field theory has two parameters: the number of colors N, and the gauge coupling
gym- When the number of colors is very large, the perturbation theory is governed by the 't
Hooft coupling, Ay = g2\(N.. On the string side of the duality there are three parameters:
the string coupling g5, the string length (or inverse square-root of tension) [, and the radius
of curvature of the Anti-de Sitter space, Raqs. The dimensionless parameters of the two

theories are related by

Gon = 4mgs (3.1)
2 Rias
and M\ = gyuNe = o (3.2)
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We see from (3.1) that when the gauge theory coupling is small then the string theory is
weakly interacting. The useful limit comes from the equation (3.2), which says that for
small gyn (to be consistent with the weakly-interacting strings) and large N, such that the
t‘Hooft coupling )\, is large, the AdS radius is much larger than the string length. In this
limit the string theory can be approximated by supergravity or gravity. Therefore we learn
that the holograpic duality is a strong/weak duality in the sense that when the string is
weakly coupled and the AdS radius is large, such that classical gravity is a good description,
the gauge theory is strongly coupled and vice versa. In fact, most of the applications of
holography in condensed matter physics and hydrodynamics rest upon this crucial feature
of the holographic duality.

The relation between the partition functions of the two theories in Euclidean space is

<€fd4m¢OO>CFT = Zstring [Qb(fv Z)|Z=0 = 9250(5)]’ (33)

where on the left-hand side we have the generating functional for the correlation functions
in the field theory. Here ¢q is an arbitrary function (or source in the language of field
theory) and we can calculate the correlation functions of O by functionally differentiating
the left-hand side with respect to ¢o. The right-hand side has the partition function of
the string theory in AdS containing a bulk field ¢(Z, z) with a boundary value ¢g(Z). The
correspondence in equation (3.3) is summarized by saying that the boundary value of the
bulk field ¢(Z, z) acts a source for the operator O in the field theory.

A very fruitful limit of the correspondence is obtained by considering the field theory to
be strongly coupled so that classical gravity would be a good approximation for the string
theory. In this case, the right-hand side of (3.3) can be calculated using the saddle-point
approximation and one obtains

<efd4x¢00>CFT — e*Sgrav[d’(Z‘)oo):(bO]. (34)
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Therefore the prescription is to find the classical solution for ¢ in the bulk which has a
boundary value ¢y. Derivatives of the on-shell gravity action with respect to ¢y will give
the correlators of O. In particular, noticing that the derivative of the classical action with
respect to the boundary value of the field is equal to the canonical momentum conjugate to
the field evaluated at the boundary, we get for the one-point function,

(O(7)) = lim II(Z, ). (3.5)

Z—00

Although AdS/CFT was the first example of holography to be discovered, there is a widespread
belief that the holographic principle itself transcends the particulars of any string or gauge
theory ( , , , ). There exists a general holographic
dictionary that is valid irrespective of whether we know the gauge theory side of the duality

or not. It says that every d-dimensional CFT is dual to some AdS4; theory.

3.2 Linear response theory

It seems intuitively reasonable that if we perturb a system in equilibrium very slightly
then it will deviate very slightly from the equilibrium configuration and it would relax
back to the equilibrium. It also seems reasonable that the response of the system to a
small perturbation will be linear in the perturbation. What is non-trivial is that this non-
equilibrium behavior of the system, while it is relaxing back to the equilibrium, is in fact
governed by the equilibrium correlation functions (see equation (3.16)). In this section we
use linear response theory to deduce this fact and we show how the linear response of the
boundary gauge theory can be calculated holographically using classical gravity. A good
discussion of linear response theory is in the review by ( ). We here
follow a shorter route to the same results as discussed in ( ).

Consider a system at a finite temperature which at equilibrium is described by the

hamiltonian Hy and the density matrix py. Now perturb the system at time ¢ = 0 with a
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time-independent Schrodinger operator O so that the new Hamiltonian becomes

H=Hy+V, where (3.6)

V=—cOst), (3.7)

where € is a small parameter and 0(¢) is the Dirac delta function. The equation of motion
for the full density matrix p = pg + dp, where py is the unperturbed density matrix at

equilibrium, is given by

.0p

o = [H, pl. (3.8)

We can solve for the time dependence of the density matrix using time-dependent pertur-

bation theory. To linear order in the perturbation, the result is

Sp(t) = i0(t)e ot [eO, po] et (3.9)

For any other operator B, its expectation value at time ¢, (B(t)), is given by

(B(t)) = tr{p(t) B} (3.10)
= tr{poB} + 0(B(1)), (3.11)

where 0(B(t)) is given by
§(B(t)) = i(t) tr{e ! [0, po] ' BY. (3.12)
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Now using the cyclic property of the trace and changing to the Heisenberg picture we obtain

5(B(1)) = 0(t)tr{po [B(t), cO(0)]} (3.13)

= 0(t)({[B(t), cO(0)]). (3.14)

Since small perturbations add linearly we can now generalize the above result from the
perturbation localized at t = 0 to perturbations sourced by a spacetime-dependent field ¢,

§5(B(Z,1)) = i / AYdT0(t — ') ([B(Z,1), cO(&, 1)) (T, 1'). (3.15)

In particular, in the context of AdS/CFT when the operator O is sourced by the boundary

value ¢ of the bulk field ¢, we can write the linear change in the expectation value of O as
3(O(z)) = /m/ da' G (x — ') ('), (3.16)
where G™*(z — z’) is the retarded Green’s function
Gz —2') =10t — ' ){[O(Z, 1), 0T, t')]). (3.17)
In the Fourier space, equation (3.16) becomes
5(O(w, k)) = =G (w, k) o(w, k). (3.18)

In the limit of long wavelength and low frequency when the hydrodynamic description of

the field theory is valid, the retarded Green’s function defines a transport coefficient (called
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susceptibility in general) as

I ret 1.
x = — lim lim mG—(w,k) (3.19)
w—=0% 50 w

For example, if one takes for O the off-diagonal component of the stress-energy tensor then
the transport coefficient is called the shear viscosity. The meaning of x is that in the limit
of low frequency, x is the coefficient of proportionality between the linear response of the

system to the applied source and the time rate of change of the source,

(O) = —x0;¢0. (3.20)

Comparing equation (3.18) with equation (3.5) we deduce a very useful expression

. I(w. k
G (w, k) = — lim [{w, . z) k,z))
z

) 3.21
Z—00 ¢(W, ( )

kol

where it is understood that one first evaluates the ratio of the conjugate momentum and
the field in the bulk at a cut-off surface close to the boundary and then one takes the limit
z — 00, where z is the coordinate in the bulk. Here k and w are the Fourier frequencies cor-
responding to the field theory coordinates which are on the boundary of the bulk geometry,

w corresponds to time and k corresponds to space. The susceptibility can now be written as

I(w, k
= lim lim 2&:F2) (3.22)
w k=027 jwo(w, k, 2)

It must be noticed that the left-hand side of equation (3.21) is calculated in the strongly
coupled quantum field theory while the right-hand side is calculated in the dual classical
gravity, and through the holographic principle the values must match. This is the power of
holography. Calculations in strongly coupled quantum field theories are notoriously difficult.

Through holography, the results of these calculations are matched to certain results which
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involve much simpler calculations in a classical gravitational theory.

A crucial point involved in the above manipulations is that they are all done in the
Euclidean signature. In particular, in equation (3.21) the bulk solution of the classical
field equations is calculated in the Euclidean signature. While this works perfectly at zero
temperature, at a finite temperature this prescription runs into difficulties. For example,
in Euclidean formalism the horizon of the black hole is the end of spacetime and one does
not need to impose any conditions on the bulk field at the horizon. But in the Lorentzian
signature horizon is not the end of spacetime and one needs to impose boundary conditions
at the horizon in order to solve the classical field equation for ¢. That is not difficult, though.
Incoming boundary conditions at the horizon make perfect physical sense. However, we are
interested in the hydrodynamic limit, so we need the limit of the retarded Green’s functions
as w — 0 and k — 0. But in the Euclidean formalism the frequencies w are discrete (these
are called the Matsubara frequencies) and it is not clear how to take the limit w — 0.
In order to deal with these difficulties it is important to have a real-time prescription to

calculate the correlators in the field theory. This is the topic of the next section.

3.3 Real-time holography at finite temperature
The prescription to calculate the retarded two-point function at finite temperature in
the Lorentzian signature was first proposed by ( ) and then justified by
( ). In the holographic correspondence the states of the boundary gauge
theory are mapped to the states of the bulk gravitational theory. At a finite temperature,
the gravitational state dual to the thermal vacuum of a field theory is a black hole. Now,
for the bulk field in addition to the appropriate boundary conditions at infinity one also
needs to worry about the regularity conditions at the horizon. The real-time prescription
to calculate the retarded two-point function in the field theory in the presence of an inner

boundary goes as follows:
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e Find the solution to the equations of motion that is infalling at the horizon and ap-

proaches a constant ¢o(Z) at the outer boundary.
e Plug this solution into the action and integrate by parts. The action becomes a bound-
ary term containing contributions both from the outer boundary and the horizon,

5 =3 [ Gaaonsenw| (3:23)

e The retarded Green’s function is now given by
G (p) = — lim f(p,2). (3.24)
Z—00

On very general grounds one expects that any interacting quantum field theory at a finite
temperature, when viewed at sufficiently long length scales, should be described by hy-
drodynamics ( , ). The UV/IR connection implied by the holographic
duality then suggests that the behaviour of the thermal quantum field theory at very large
length scales must be captured by the behaviour of the bulk geometry near the horizon. In
particular, the hydrodynamic limit of the field theory at a finite temperature must have a
description in terms of the physics close to the black-hole horizon ( , ).

In the next section we will see that the real-time prescription to calculate the Green’s
function gives the same result as that calculated in the Euclidean AdS/CFT prescription at

the level of linear response.

3.4 Lorentzian versus Euclidean prescription
In this section, we will closely follow ( ) and ( ). We
will see how at the level of the linear response the Lorentzian and Euclidean prescriptions give

the same result. Moreover, we will see how in the long-wavelength limit the renormalization
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group flow of the susceptibility becomes trivial. This will provide the essential link between

the horizon membrane fluid and the fluid description of the boundary gauge theory.

3.4.1 First look at the black-hole membrane
Consider a massless bulk field on a black-hole background. The bulk metric of the black

hole is given by
ds® = g, dr? — gudt* + g;;dx'da’. (3.25)

The action of the scalar field is given by

S =~ [ a ey (Vad)(V6), (3.26)

20( T>Th

where « is a coupling constant. The integration is restricted to the region outside the
time-like surface » = r, + € = 1y called the stretched horizon. This will be discussed more
completely in the later chapters. But the idea is simply that for the outside observers the
black-hole horizon acts as a causal boundary and nothing comes out of it. Therefore the
observers should be able to discuss physics without knowing about the region interior to the
horizon. The absorptive nature of the horizon is then modelled by endowing the horizon
with membrane-like properties.

The momentum canonically conjugate to ¢ with respect to the r-foliation is given by

o 5Sout

11
oV,

= V0 (3.27)

Variation of this action with respect to ¢ gives

1 1
5Som — — / 4 /=g $o6 — - /
« r>ThH « r

=T

d%z\/=gq""V,pd . (3.28)
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Up to the bulk term which yields the equation of motion, the variation of the action is a

total boundary term which can be written on shell as

0Sout = —/ ddxH(ro,x)&b('ro, x). (3.29)

In order to have a viable variational principle for the outside observers we then have to add
a surface term to the action which would yield the negative of the §S,, upon variation.

This surface term is given by

Ssurface = /r:r0 d*zv/—h (%) ¢(ro, ), (3.30)

and the total action is now Seg = Sout + Ssurface- Equation (3.30) says that the observers
hanging out close to the stretched horizon (called fiducial observers or FIDOs) feel that the

horizon is endowed with a scalar charge given by

Qo = H%) = —éx/ﬁvm (3.31)

The condition that the horizon should be a regular place for a freely falling observer implies
that the field ¢ should be non-singular on the horizon. Thus ¢ can only depend on the
coordinates t and r in the form of the ingoing Eddington-Finkelstein coordinate v, which is
defined by solving dv = dt + \/Mdr. This relates the radial and time derivatives of the

field on the horizon as

V.é=,/2v,0. (3.32)

it
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Thus the scalar charge perceived by the FIDOs is

Qo =~ Vg "Vib(r0) (3.33)

Writing this in the orthonormal frame as Q, = —évng we see from equation (3.20) that
the observers outside the horizon endow the horizon with a fluid-like behavior described by

a transport coefficient x = 1/a.

3.4.2 Equivalence at the linear level

According to the real-time prescription of the holographic calculation of the retarded
Green’s function summarized in equation (3.24), we first need to calculate the on-shell value
of the effective action for ¢. This can be obtained by integrating by parts S,y and adding

the surface term Sgyrface. This gives

1 1
Set = — 5~ / d%e/=g¢g"" V¢ — % / d%e/=g0g"" V0. (3.34)

Now writing ¢(r,p) = F(r,p)¢(rg,p) such that F(r — oco,p) = 1 we get for the real time

Green’s function

G (p) = V=99V, F(r,p) (3.39)

However, from the linear response theory and the Euclidean prescription for calculating the
correlator in equation (3.21) we can calculate the imaginary time correlator by plugging in

the value of I from equation (3.27) and we get

- I(w, k
G w B) = — Tim L@ kor) (3.36)
r—00 ¢(w’ ]{;’ 7»)
1 .
= a\/—gg”VTF(r,w,k) (3.37)
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which is precisely the same as equation (3.35). The only difference is in the notation where
p earlier stands for (w, k) now.

To summarize, we have seen that the real-time prescription to calculate the retarded
Green’s function gives the same result as that calculated in the Euclidean AdS/CFT pre-
scription at the level of linear response. This equivalence is crucial to relate the transport
coefficients calculated in the membrane paradigm for black holes with the physical quantities

describing the hydrodynamic behaviour of the boundary gauge field theory.

3.5 Hydrodynamic limit

We saw in Section 3.4.1 that a scalar field in the bulk induces a scalar charge at the hori-
zon and the FIDOs perceive the horizon to have a linear response given by the susceptibility
X = 1/a. On the other hand, the linear response of the boundary gauge theory, when it is
perturbed by a source which is the boundary value of the scalar field, is given by equation

(3.22) as

(w, k
= lim lim S&:k:2) (3.38)

wk—=027% jwo(w, k, 2)

Note that these two quantities are calculated by the same formula, one is evaluated on the
horizon while the other is evaluated at the boundary at oco. Now we will see that in the
hydrodynamic limit, i.e., in the limit that w, k— 0, equation (3.38) can in fact be evaluated
at any value of the radial coordinate . To this end, let us write down the Hamilton equations

of motion for ¢,

1
= - a\/—gg’”’”vmﬁ

1
and V,II= a\/—gg"g“l’kykl,gzﬁ, (3.39)
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where k* = (w, k). Now in the limit that w, & — 0 we see from equations (3.39) that

V,I1~0 (3.40)

and  V,(wg) ~ 0. (3.41)

Thus in the limit that w, & — 0 equation (3.38) can be evaluated at any radial coordinate.
Therefore the hydrodynamic transport coefficients for the boundary gauge theory can be
holographically calculated from the membrane at the black-hole horizon.

This indicates the importance of the membrane paradigm in the classical gravity the-
ories. The hydrodynamic transport coefficients describing the evolution of the horizon in
the membrane paradigm, through holography, also describe the hydrodynamic limit of the

boundary gauge theory at the linear response level.
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Chapter 4
Hydrodynamics

In this chapter, we use the action-principle formalism of the membrane paradigm as
constructed by ( ) and we extend it to the simplest generalization
of general relativity which is quadratic in the curvature tensor called the Einstein-Gauss-
Bonnet (EGB) gravity. We derive the membrane stress-energy tensor on the stretched
horizon for EGB theory. After regularization and restriction to the linearized perturbations
of static black-hole backgrounds with horizon cross-sections of constant curvature, we express
the membrane stress tensor in the form of a Newtonian viscous fluid described by certain

transport coefficients.

We find the ratio of the shear viscosity to the entropy density for the membrane fluid
corresponding to the black-brane solution in EGB theory with cosmological constant A =

—(D —1)(D — 2)/2I? to be
n_ 1 (D—1) A

== Yoozl e
=

where A = (D—3)(D—4)a’ and o is the GB coupling constant. This matches with the result
found by ( ). Notice that the calculation of ( ) is
done at the boundary of the spacetime at infinity while our calculation refers to the horizon.

This naturally leads to the conclusion that in the EGB theory, as in general relativity, the

ratio n/s is universal, i.e., scale independent in the sense of ( ). That
this result is true is argued by ( ), and our calculation combined with the
result of ( ) provides a support for their conclusion. The same result
was obtained by ( ), ( ), ( ) and it was
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also reported in a recent study of ( ) following the proposal of
( ). Also, we will see that the presence of the GB term in the bulk gravitational theory
violates the KSS bound, n/s > 1/4x, for any o/ > 0.

Besides the black brane, our method also provides the value of this ratio for the five

dimensional spherically symmetric AdS black hole in EGB gravity,

4
7 Ty, 2au/

4 1— — 4.2
s Arm(ri4a) (ri +3a) ( [2 )’ (4.2)

where 7}, is the radius of the horizon and [ is related to the cosmological constant by A =
—6/1%. As far as we are aware of this is a new result. Our method thus predicts that the
hydrodynamic limit of the conformal field theory (CFT) state dual to the 5D-spherically
symmetric AdS black hole in EGB theory with AdS boundary conditions has the viscosity-
to-entropy ratio given by equation (4.2), where rj, is understood to be a function of the
Hawking temperature of the black hole. As in the case of the black brane, the KSS viscosity
bound is violated for any o' > 0. The difference between the black-brane and black-hole
results is further discussed in section 4.7.

This chapter is organized as follows: we first review in Section 4.1 Damour’s derivation
of the equations describing the evolution of the horizon and their hydrodynamical interpre-
tation. Then in Section 4.2 we present the geometric setup of the membrane paradigm. In
Section 4.3 we furnish a simple example of the stretched horizon and the FIDOs in Rindler
space. In Section 4.4 we review the action-based membrane paradigm approach for the
black holes in general relativity. This construction is then generalized in Section 4.5 where
we construct the membrane paradigm for the black objects in EGB gravity. In this section
we obtain the stress tensor for the membrane fluid and we derive the expressions for the
transport coefficients of the fluid. In Section 4.6 we evaluate these transport coefficients for
some specific black geometries. Finally, we conclude with a summary and discussion in Sec-

tion 4.7. An elementary introduction to the basic equations of the first-order hydrodynamics
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is given in Appendix B.
All the symbols that we will be using in this chapter are defined when introduced for the
first time. For the convenience of the readers we have also included Table 4.1 at the end of

this chapter to summarize these symbols and their meanings.

4.1 Horizon hydrodynamics a la Damour

In this chapter we will derive the equations governing the dynamics of the horizon as was
first done by Damour in his prescient thesis in 1979. We will closely follow the derivation
given by ( ), ( ). A very good reference on the geometry
of null hypersurfaces is a review by ( ).

Let [* denote the null geodesic generator of the horizon, H, in a d-dimensional spacetime.
Introduce a null rigging vector field n® transverse to H such that it is nowhere vanishing and
[*n, = —1. Since H is a null hypersurface, the spacetime metric g,, induces a degenerate
metric on H, [* being the degenerate direction of the induced metric. Define a transverse

projector 7, as
Yo = gy + nly + 1“ny. (4.3)

It is easy to see that 73 projects the indices in a direction transerse to both n* and [*. The
failure of the geodesic deviation vector to be parallel transported along the null geodesic
congruence is captured by a tensor called the Weingarten map and it is simply defined as

the covariant derivative of the horizon generator,
Yo' = V. (4.4)

The Weingarten map, Y,’, is orthogonal to the null generator [, in the upper index but it has

components in the direction of n®. Information contained in ,’ is captured in its various
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components as

Yo'l = kl, (4.5)
Xablb =0, (46)
Xab'ygnb = Qca (47)

where k is a function on H that measures the non-affinity of [* and (). is a measure of
rotation of the generators as time evolves.
Let us now define the purely transverse part of y by projecting both of its indices

transverse to the two null vectors,

eab = W/g’ygxcd- (4'8>

The purely transverse tensor #,, can be decomposed into its irreducible parts as

1
4.
Oup = Ogp + @ 2)9%1) + Wab, (4.9)

where o, is symmetric traceless, 6 is the trace and wy;, is the antisymmetric component of

0., Tespectively,

0= 0uy™® = Vol — k.

1

Oab = H(ab) - (d—

0
— 2) Yab,

Wab = H[ab}- (410)
For future reference we note that w,;, can be written as

Wab = XJab] + nCXc[bla} + l[bXa]ch, (411)
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which can be used to show that if [* is hypersurface orthogonal then the Frobenius theorem
implies that w,, vanishes.

We are interested in the equations governing the evolution of # and €2.. These equations
will then be interpreted as describing the hydrodynamics of a fictitious fluid living on the

horizon. To this end, let us first calculate the evolution of 6.

L0 = 1°V,0

= 1"V, (V. — k).

The order of the two derivatives on [¢ can be reversed using the Riemann tensor. A simple

calculation then gives

L0 = —R,, 14" + k(K +0) — X" Xa"- (4.12)

One can prove the following identity in order to simplify the last term, 0,,0°* = ya x** — K.

Making this replacement and writing 6,, in terms of its irreducible components we get the

null focussing equation

2

0
»Cl@ = kO — m — O'abO'ab -+ wabw“b — Rablalb. (413)

Derivation of the equation governing the evolution of €2, is much more complicated and we

refer the reader to Damour’s thesis ( , ). It is given by

—d
ElQa - _Qae — Da/f + Efl _ 2; D,ﬂ —+ DCO_CCL — Rcd’}/gld, (414)

where D is the (d — 2) dimensional covariant derivative compatible with 7., on the horizon
cross-sections. If we identify —6 as the energy-density p and [* as the fluid velocity field u*

then (4.13) can be recognized as the continuity equation and (4.14) as the non-relativistic
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Navier-Stokes equation that we have reviewed in Appendix B (see 5.2). Transport coefficients

of the fluid can be read off from any of these equations and we get

K
P : = — 4.1
ressure : P = o (4.15)
1
Shear viscosity : 1= — (4.16)
167
Bulk viscosity : & = % (4.17)

It should be noted that the bulk viscosity has a negative value for d > 4. For normal
fluids the negative bulk viscosity would mean that the fluid is unstable to perturbations and
would never relax to the equilibrium configuration once it suffers even a slight deviation.
The reason for the horizon to have this feature can be traced back to its teleological nature.
The future boundary conditions have to be imposed in order to have the horizon relax to a
final stationary state.

We will obtain the results quoted in this section using the membrane paradigm, to which

we turn to now. This is based upon the present authors original work ( ,

).

4.2 Geometric setup

In this section we elaborate on the geometric setup necessary to construct the membrane

paradigm. The interested reader can find a detailed discussion in the monograph by
(1936).

The event horizon, H, of the black hole in D spacetime dimensions is a (D—1)-dimensional
null hypersurface generated by the null geodesics [*. We choose a non-affine parameterization
such that the null generators satisfy the geodesic equation 19V ,I® = k [*, where & is a constant
non-affine coefficient. For a stationary spacetime, [* coincides with the null limit of the

timelike Killing vector and s can then be interpreted as the surface gravity of the horizon.
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Next we introduce a timelike surface positioned just outside H which is called the
stretched horizon and denoted by H,. One can think of H, as the world-tube of a fam-
ily of fiducial observers (FIDOs) just outside the black-hole horizon. The four-velocity of
these fiducial observers is denoted by u®. Just as H is generated by the null congruence %,
‘Hs is generated by the timelike congruence u®. The unit normal to H; is denoted by n® and
is taken to point away from the horizon into the bulk. We relate the points on H, and H
by ingoing light rays parametrized by an affine parameter v, such that v = 0 is the position
of the horizon and (0/07)*l, = —1 on the horizon. Then, in the limit v — 0, when the
stretched horizon approaches the true one, u® — 1% and n® — 6%, where § = \/2k7y
( , 1956).

The induced metric hy, on Hy can be expressed in terms of the spacetime metric g,;, and
the covariant normal n, as hq, = gap —nanp. Similarly, the induced metric 7y, on the (D—2)-
dimensional spacelike cross-section of H, orthogonal to u, is given by v, = hap + ugup. The
extrinsic curvature of H, is defined as K = hiV.n®. Using the limiting behavior of n* and
u® it is easy to verify that in the 6 — 0 limit various components of the extrinsic curvature

behave as follows ( : ):

Asd—0 : Kfj:K,fuaubngg,
KZ - Kl?ua’be = 07
kA
Kp = K§ving ~ =5
0
K = Ky~ 050, (4.18)

where 6 is the expansion scalar of [* and k4 is the extrinsic curvature of the (D — 2)-
dimensional space-like cross-section' of the true horizon H. Note that a priori the projection

of the extrinsic curvature of H, on the cross-section of H, has nothing to do with the extrinsic

LA, B denote the indices on the cross-section of the horizon.
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curvature of the cross-section (orthogonal to u®) as embedded in Hs, i.e., there is, in general,
no relationship between the pull-back of V,n, and V,u, to the cross-section of the stretched
horizon. However, in the null limit (6 — 0) both u* and n* map to the same null vector [*
and we have K4 — 6 'kp. Finally, we decompose k4 into its trace-free and trace-full part

as

1
kap = oap + me YAB, (4.19)

where o4p is the shear of [, It is clear from equation (4.18) that in the null limit, various
components of the extrinsic curvature diverge and we need to regularize them by multiplying
by a factor of 4. The physical reason behind such infinities is that, as the stretched horizon
approaches the true one, the fiducial observers experience more and more gravitational blue
shift; on the true horizon, the amount of blue shift is infinite.

This completes the description of the geometric setup of the membrane paradigm. Before
reviewing the derivation of the black-hole membrane paradigm in standard Einstein gravity
we pause to study a simple example of the stretched horizon and how is it that both u® and

n® map to [* in the limit that the stretched horizon goes to the true horizon.

4.3  The stretched horizon

We now study a simple example of the stretched horizon in 141 dimensions. A Rindler
observer in the Rindler spacetime provides a good example of the FIDO. We will see explicitly
how the FIDO’s velocity vector and the vector normal to her world-line both approach the
null generator of the Rindler horizon in an appropriate limit. We follow the discussion of

Rindler spacetime given by ( ).

39



4.3.1 Rindler space

Consider a 2-dimensional spacetime whose metric in Cartesian coordinates is given by

ds? = —2?dt* 4 da?, (4.20)

where 0 < t < oo and 0 < x < oo. Null geodesics are obtained by putting ds? = 0, which

gives

t==xInz. (4.21)

Now define the ingoing & outgoing null coordinates as

u=1t—Inz,

v=t+Inuz, (4.22)

where u is the parameter along the ingoing null geodesic (—o0o < u < o) and v is the
parameter along the outgoing null geodesic (—oo < v < o0). In terms of these coordinates

the metric becomes

ds? = —e"dodu. (4.23)

The vector field tangent to the outgoing null geodesic is (%)a and the corresponding integral

curves are u = constant. The vector field tangent to the ingoing null geodesic is (%)a and

the corresponding integral curves are v = constant. These vector fields are not affinely
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parametrized. The affinely parametrized null geodesics are

o a a_ 8 a
W= ((%) - (aAm> ’

e a a_ a a

n* =e (8u) = (a)\in) , (4.24)

where Aoyt = €” and A\, = —e™" are the affine parameters of the outgoing and ingoing null

geodesics, respectively. These affine parameters cover only half of the real line, which shows
that the spacetime is geodesically incomplete. Now, define the new coordinates U = —e™
and V = e" so that U and V become the affine parameters of the ingoing and outgoing null
geodesics, respectively. We can then analytically extend the range of U and V' from —oo
to 0o, thus making the resulting spacetime geodesically complete. The metric in the new

coordinates is

ds? = —dUdV. (4.25)

Now define the new Cartesian coordinates

T_ (V ;r U)7
X = @ (4.26)

in terms of which the metric is recognized to be a Minkowski space,

ds? = —dT? + dX?, (4.27)
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and both the coordinates T" and X range from —oo to oo. The relation between the original

coordinates x and ¢ and the new coordinates X and T is

xr=vX2-T12,
T
t = tanh™! (}) : (4.28)

We see that the old coordinates cover only a part of Minkowski spacetime: the right wedge

in the right quadrant (see Figure 4.1).

4.3.2 Rindler observer

In order to understand better the meaning of the Rindler spacetime as a wedge in
Minkowski spacetime let us do a simple exercise. We want to know the trajectory of an
observer undergoing a uniform acceleration in the Minkowski spacetime. Let us parametrize
the worldline of the observer with a parameter A which is a function of the proper time 7

along the trajectory of the observer
2t (A) = (T(A), X(A)), (4.29)

where A = A(7). The four-velocity of the observer is given by

B da#
Cdr
d\NdT dNdX

ut

Normalizing u*u, = —1 we get

(&)

_ (j_f)Q N @_);)2] _ 1 (4.31)
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Figure 4.1. Rindler space is the right wedge of Minkowski Space. The observer following the
integral curve z = 1/a is undergoing a constant acceleration a.
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Therefore we can write the tangent vector in terms of the hyperbolic functions as

dI" _ cosh A
d\  (dr/dr)’
dX sinh A
— = 4.32
d\  (dA/dr)’ (4-32)
in terms of which the four-velocity of the observer becomes uw* = (cosh A,sinh \). The
acceleration of the observer is given by
du*
B
¢ dr
dA . dA
= (E sinh A, e cosh /\) : (4.33)

Requiring that the magnitude of acceleration be constant, i.e., \/afa, = constant = a then
gives dA\/d7T = a. Therefore the parameter A along the trajectory of a uniformly accelerated

observer is given by A = a7 and the trajectory can be described by

x#(1) = = (sinh ar, coshar)
a

u?(7) = (coshar,sinhar),

a"(7) = (asinhar,acoshar). (4.34)

From the parametrization of the trajectory, T'(1) = (1/a)sinhar, X(7) = (1/a) coshart, we
read that X? — 7% = 1/a. Then from the relation between the Rindler coordinates and the
Cartesian coordinates we get that the observer undergoing a constant acceleration a is at a
constant Rindler coordinate = = 1/a. This gives physical meaning to the Rindler spacetime.
The Rindler coordinate z is the worldline of an observer in flat space undergoing a constant
acceleration and the Rindler spacetime is a right wedge of Minkowski spacetime bounded

by the two null lines. The null line U = 0 acts as the future causal horizon for the Rindler

44



observer and the null line V' = 0 acts as the past causal horizon.

4.3.3 The singular limit

Consider a congruence of the Rindler observers in Minkowski spacetime who are under-
going a constant acceleration, a.” These Rindler observers are then the FIDOs we alluded
to above and their worldtube is the stretched horizon H,. The normalized vector normal to

the worldtube of FIDOs, i.e., normal to H; is given by
n* = (sinh ar, coshar) . (4.35)

Now consider the timelike Killing vector field in the Rindler space, £&# = (9/9t)". In the

(T, X) coordinates it is given by

dr /o \" dX / 9 \*
5# — _ + — R
dt \oT dt \0X
a\" o \"
(2 er(2). as
which shows that the timelike Killing vector field of the Rindler space is the boost Killing

vector field of Minkowski space. In the second step of this equation we have used the relation

between different coordinates

% \% + U el — U et—i—ln:c o e—t—‘rlnz et o e—t
= = = =
2 2 2 2
V—-U v —u t+Inx —t+lnzx t —t
2 2 2 2

At any point on the trajectory of a particular FIDO parametrized by its proper time 7 and

2In 2-dimensional spacetime this congruence consists of a tangent vector to one curve. But one can easily
imagine a 4-dimensional spacetime with S? as the other two spatial dimensions in which case it really is a
congruence, say constant r surfaces in Schwarzchild spacetime.
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acceleration a, ¢ can be written as

1
e = o (sinhar, coshar). (4.38)

Now in the a — oo limit the stretched horizon H, approaches the causal horizon H. Since

sinhar — coshar as a — oo , it is clear from the equations (4.34),(4.35) and (4.38) that

" w
lim & = lim = = lim &, (4.39)

a—o0 4 a—o0 4 a—00

which is precisely the condition that we require in Section 4.2 with § = % Therefore in the
limit that the stretched horizon Hg reaches the true horizon H, both the tangent and normal

to Hs approach the non-affinely parametrized null geodesic generator of the true horizon H.

4.4 The membrane paradigm in Einstein gravity

In this section we construct the membrane paradigm in Einstein gravity in four spacetime
dimensions. Our construction will closely follow the action approach of
( ). Our purpose is to fix the notation and emphasize the points in the construction
which will be of importance for the corresponding construction in the EGB gravity. We
will highlight the steps which will be different in the EGB case and where one has to make
assumptions. For the construction of the membrane stress tensor we will work exclusively

with differential forms and only in the end do we go back to the metric formalism.

In the rest of this chapter, unless otherwise explicitly written, we will work with units
such that 167G = 1. The small Roman letters on the differential forms are the Lorentz
indices while in the spacetime tensors we will not differentiate between the Lorentz and
the world indices, this being understood that one can always use the vierbeins to convert

between the Lorentz and the world indices.

In the Cartan formalism, the Einstein-Hilbert Lagrangian is written in terms of the

vector-valued vierbein one-form e?, related to the metric by g = n,,¢? ® €°, and the Lorentz
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Lie-algebra valued torsion-free connection one-form w?(e) defined by the equation De® =

de® + w® A e® = 0. The action is then

1 1
SEH = 5 / Qab AN ec AN edﬁabcd :l: eab VAN ec A 6dEab(Zd’ (440)
cJM

2 Jomr

where Q% is the curvature of the torsion-free connection given by Q% = dw® + w®. A w®,
and 6% is the second fundamental form on the boundary M of M ( , )3 Tt s

related to the extrinsic curvature by
0% = (n.n)(n"K? — n"K%)e". (4.41)

In our case, the boundary OM of M consists of the outer boundary at spatial infinity and
the inner boundary at the stretched horizon, H,. The variation of the action with respect to
e® can be separated into the contribution from w(e) and the rest. The variation with respect
to w of the bulk part of the action yields a total derivative which, after integration by parts,
gives a contribution identical to the negative of the variation of the boundary part. Thus
the variation of the action with respect to w vanishes identically. In the absence of the inner
boundary, variation of Sgy with respect to the vierbein, e, under the Dirichlet boundary
condition (holding the vierbein fixed on the outer boundary) yields the equation of motion
for the vierbein. But when the inner boundary is present, there is no natural way to fix the
vierbein there. The physical reason for this is simply that the horizon acts as a boundary
only for a class of observers, and surely the metric is not fixed there. However, because it is
a causal boundary the dynamics outside the horizon is not affected by what happens inside.
Hence, for the consideration of the outside dynamics one can imagine some fictitious matter

living on the stretched horizon whose contribution to the variation of the action cancels that

30ur sign convention is such that the plus (minus) signs apply to a timelike (spacelike) boundary. It
should be noted that this is different from the convention in ( ) because their definition of extrinsic
curvature differs from ours by a negative sign.
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of the inner boundary. This is the basic idea of the construction of stress-tensor a la
( ). Since we will be interested in the boundary term on the stretched horizon
which is a timelike hypersurface, from now on we will put n-n = 1.

Hence, variation of the action with respect to the vierbein gives
0SEn = / QP A e A deeupeq + / 0% A €€ A deeaped. (4.42)
M oM

The bulk term just gives the equation of motion. Using the Dirichlet boundary condition on
the outer boundary and the expression of 6 given in equation (4.41), the surviving contri-
bution of the variation of the total action Siota = SEH + Smatter cOmes solely from the inner

boundary and is given by

0Stotal = K e™ A e A beepeq, (4.43)
Hs

where €,g = —n%€gpeq- This surviving contribution can be interpreted as due to a fictitious

matter source residing on ‘H, whose stress tensor is given by
% = 2(Kh®™ — K). (4.44)
In terms of t,, the on-shell variation of Sgg becomes

1 1
0SEn = ——/ tapOh® + —/ Tupdg™, (4.45)
2 Ju. 2J)m

where Ty, = (—2/v/—9)(0Smatter/0g?°) is the external matter’s stress energy tensor. Now
consider the variation d¢ induced by a vector field { which is arbitrary in the bulk and
behaves in a prescribed fashion on the boundary. We take £ to be such that it is tangential

to the inner-boundary and vanishes on all the other boundaries. Then the diffeomorphism
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invariance of the theory ensures that

1 1
5€SEH = —5/ tabéghab + 5/ Tab5§g“b = 0,
Hs M

= — [ taD€" + / TV =0, (4.46)
Hs M

where D® is the covariant derivative of the induced metric on the inner boundary H,, and
V¢ is the covariant derivative of the spacetime metric. Using integration by parts and the

afore-mentioned conditions on &%, equation (4.46) gives
Datab = —Tacnahcb, (447)

where the negative sign on the right-hand side arises because we have chosen n® as pointing
away from the stretched horizon into the bulk. The right-hand side of this equation can be
interpreted as the flux of external matter crossing the horizon from the bulk. Then equation
(4.47) has the interpretation of the continuity equation satisified by the fictitious matter
living on the stretched horizon.
At this stage, we would like to point out a difference between our approach and that of
( ). In ( ), the Gibbons-Hawking boundary term
is considered to be only on the outer boundary. Therefore, one needs to show that a certain
contribution containing the derivatives of the variation of the metric on the stretched horizon
vanishes in the limit as the stretched horizon reaches the true horizon. In our approach there
is no such requirement because we have the boundary term on the entire boundary, which
includes the stretched horizon. Since both the approaches finally yield the same horizon
stress tensor, there is no difference in the physics in our approach and that of
( ). However, an added advantage of our approach is that it also works beyond
general relativity and, in particular, in any Lovelock gravity. If one does not include the

Gibbons-Hawking term for Lovelock gravity, one needs to show that all the extra terms in
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the variation of the action vanish when the limit to the true horizon is taken. We have
simply avoided this difficulty by adding the boundary term on the stretched horizon as well.
Consequently, although our approach and that of ( ) ultimately give
the same result for the horizon stress tensor, we believe the inclusion of the Gibbons-Hawking
term makes the calculations easier. Also, it is worth pointing out that if we were to put
the membrane at some finite distance from the horizon then we need the Hawking-Gibbons
term in order to derive the stress tensor and the approach of ( ) just
won’t work. We believe that our approach is conceptually transparent and computationally
simpler than the one by ( ).

We have derived the form of the membrane stress tensor for the particular case of D =4
spacetime dimensions, but it is easy to check that the form of the stress tensor in equation
(4.44) remains unchanged for a general D-dimensional spacetime. Then the components of
the membrane stress tensor ., evaluated on the stretched horizon in the basis (u?, z) are

given by

D-3
4B = 9 (—USAB + (—2)957“3 + g'yAB) , (4.48)

where ¢ = k/d. In deriving this expression, we have replaced K4P by the expression:

4B wwhere 0, is the expansion and o/'# is the shear of the congruence generated

UfB + (D‘g—j2)7
by the time-like vector field u* on H,. As pointed out by ( ) and

( ), this replacement is valid only up to O(6). Since we are ultimately interested in the
limit § — 0, any O(J) error does not contribute. Although this is certainly true for general
relativity, in EGB gravity such O(§) terms will play an important role and they actually
contribute in the limit that the stretched horizon becomes the true horizon.

The particular form of the components of the membrane stress tensor in equation (4.48)

has an interpretation: the fictitious matter on the stretched horizon can be regarded as a
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(D — 2)-dimensional viscous fluid ( : ) with the energy density and

transport coefficients given by

Energy density : p, = —26,,
Pressure :  p;, =2g,
Shear Viscosity : 17, =1,

D -3
Bulk Viscosity : s =—2(——|.
u iscosity C (D—Q)

Hence the entire t,;, on the stretched horizon can be expressed as

lab = PsUqUp + 7:1471)3 (p57AB - 27780-8AB - CSQS’VAB) . (449)

Substituting these quantities in the conservation equation (4.47) then gives the evolution

equation for the energy density,
Loups + psls = —psbs + (02 + 20502 + Tynu’. (4.50)

The evolution equation matches exactly with the energy conservation equation of a viscous
fluid. We stress the fact that equation (4.50) is a direct consequence of the conservation
equation (4.47) and the form of the stress tensor in equation (4.49). In fact, in any theory of
gravity once we can express the stress tensor of the fictitious matter obeying the conservation
equation on the stretched horizon in a form analogous to the one in equation (4.49), the
conservation equation will automatically imply an evolution equation of the form (4.50).
Notice that the conservation equation is only valid on shell, which means that the equations
of motion of the theory have to be satisfied for it to hold.

From the analysis of Section 4.2 it is evident that as the stretched horizon approaches

the true horizon the membrane stress tensor in equation (4.48) diverges as ! due to the
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large blueshift near the horizon. This divergence is regulated by simply multiplying it by §.
This limiting and regularization procedure then yields a stress tensor of a fluid living on the
cross sections of the horizon itself in terms of the quantities intrinsic to the horizon. This
stress tensor is

5 = (pyaB — 2noap — COvas) . (4.51)

and the energy density and the transport coefficients become

Energy density : p = —20,
Pressure : p =2k,
Shear Viscosity : 7 =1,

D -3
Bulk Vi ity : =2 =——
u iscosity ¢ (D—Q) ,

where 6 is the expansion of the null generator of the true horizon as discussed in section 4.2.

Similarly, the regularization of the evolution equation (4.50) gives
Lip+ p = —pb + CO? + 2no” + T,,1°0°, (4.52)

which is just the Raychaudhuri equation of the null congruence generating the horizon. It
should be noted that our approach for deriving the evolution equation is different from the
one of ( ). In principle, one can just take the Lie derivative of the
energy density with respect to the generator of the horizon to obtain the Raychaudhuri
equation as in ( ) and then use the Einstein equation to replace the
curvature dependence in terms of the matter energy-momentum tensor. We have followed
an indirect approach in which we derive the evolution equation via the continuity equation

(4.47) which is valid on shell, i.e., the equation of motion has already been used in its deriva-
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tion. This approach is particularly useful when the equations of motion are complicated as
in the EGB gravity and it becomes difficult to replace the curvature dependence in terms of

the matter energy-momentum tensor.

For general relativity, the Bekenstein-Hawking entropy of the horizon is 47 A, where A

is the area of the horizon, hence the ratio of the shear viscosity to the entropy density is,
T_ = (4.53)

Note that this is a dimensionless constant independent of the parameters of the horizon.
Comparing this with the KSS bound, n/s > 1/4m, we see that the bound is saturated in
general relativity. Interestingly, for any gravity theory with a Lagrangian depending on the
Ricci scalar only, the value of this ratio is the same as that in general relativity and therefore

the KSS bound is saturated in these theories ( : ).

Another important fact is that the bulk viscosity associated with the horizon is negative.
Clearly, the fluid corresponding to the horizon is not an ordinary fluid and, as explained in
( ), the negative bulk viscosity is related to the teleological nature of the

event horizon.

4.5 The membrane paradigm in Einstein-Gauss-Bonnet gravity

EGB gravity is a natural generalization of general relativity which includes terms of
higher order in the curvature, but in just such a way that the equation of motion remains

second order in time.
The action of the theory is given by

Stotal - SEH + O/SGB + Smatter (454)

where Sk and Spatter are the contribution of the Einstein-Hilbert and the matter, respec-

tively, while Sgp is the Gauss-Bonnet addition to the action. From the analysis in Section
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4.4 we know how to take care of the Sgy term. So, we can exclusively work with the GB

term now. The GB contribution to the total action, in D = 5, is given by ( , )
Sap = fM Q% A Qcd A efﬁabcdf + 2 faM g A (Q - %9 VAN H)Cd N efEQdef. (455)

As in the case of general relativity discussed in Section 4.4 the variation of Sgg with respect
to the connection w®, vanishes identically. The variation with respect to vierbein e® under the
Dirichlet boundary condition yields the equation of motion. Using the torsion-free condition
De* = 0 on the connection, this equation can be shown to be the same as that obtained in
the metric formalism. In the presence of the inner boundary at the stretched horizon, H,
we need the variation of the boundary part of the Sgp due to the variation of the vierbein
on the inner boundary. This is obtained from equation (4.55), which after variation with
respect to e* and then using the relations 0 = (nK? — n° K%)e® and Q® = 1R, .e™ A€,

gives
n s 1 c r 1S 2 c amnb
5Sgp|PY = 4/8M K (Ehp By by B, R S K;j) argtrils el (4.56)

The projections of the spacetime Riemann tensor can be written in terms of the Riemann

tensor intrinsic to H, and the extrinsic curvature of H, using the Gauss-Codazzi equation

hehihihaRP = Ry, — KK + KEKE (4.57)

p g a

where RCdab is the Riemann tensor intrinsic to H,. Thus the variation of the boundary term

4For general D > 4, GB action is given by Sgg = fM L, f@M Om, where m is the greatest integer
< DJ2, Ly = QU A L AQImIm AY, oy and Q,, = mfol ds 92101 A Qb2 A AQAmbm AN,
Here, ¥4,16;...ab,, = mealbl,,,ambmcl,,,chzmecl A---NeP=2m and (), is the curvature of the connection
ws = w — 50, Qs = dwg +ws Aws. The sign of the surface term depends upon the timelike or spacelike nature
of the boundary. The surface term was first constructed in ( ) and more details can be found
there. The GB coupling in the total action is still denoted by «’.

m *
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can be written in terms of quantities intrinsic to the boundary,

1. 1
0S| =4 / K¢ (§Rcdmn — - K Kd) 41517 se]. (4.58)
oM

3 m n

This can be evaluated to be

- 1
6Sap|PY = 4 / (sznPam”,, — Ji 4+ —Jé;;) sel, (4.59)
oM 3
where we have defined,
pomn, = Ry g primpdd o Rlepmin 4 pprlap, (4.60)
Ji = K’K{ — KKK + 2K KSK] — 2K K K§, (4.61)
J = K*—-3KK“K.+2K!K'K.. (4.62)

As in the case of general relativity, we can interpret the variation 0 Si.a1 as due to a fictitious
matter living on the membrane whose stress-energy tensor is given by the coefficient of def.
Thus from the equation (4.59) we can read off the membrane stress tensor due to the GB
term (now including the GB coupling o/ and a negative sign arising from the fact that we

are defining the stress tensor with covariant indices) and we get

~ 1
tab|(GB) = —4a/ (QKmnPamnb — Jap + thab) . (463)

Adding to this the contribution coming from the Einstein-Hilbert action we get the total

stress tensor for the membrane,
. 1
tap = 2 (Khay — Kgp) — 40/ <2KmnPam”b — Jup + thab) : (4.64)

Although we have derived the membrane stress tensor for the particular case of D = 5,
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the result can be easily generalized to arbitrary dimensions and the form in equation (4.64)
remains unchanged. By the same arguments as discussed in the case of general relativity,
this t,, also satisfies the continuity equation (4.47). This can also be verified explicitly by

taking the divergence of t,, and using the appropriate projections of the equation of motion

(Davis, 2003).

Note that a crucial difference between the membrane stress tensors for general relativity
and EGB gravity is that in the former the stress tensor is linear in the extrinsic curvature
while in the latter the stress tensor contains terms cubic in the extrinsic curvature of the
stretched horizon. Since, as we take the limit to the true horizon, the extrinsic curvature
of the stretched horizon diverges as 6!, one would expect higher-order divergences in the
case of EGB gravity coming from the contribution of the GB term to the stress tensor. The
regularization procedure used to tame the divergence coming from the Einstein-Hilbert term
involves multiplication with §, which does not tame the cubic order divergence coming from
the GB term. Clearly one needs either a new regularization procedure or some well-motivated
prescription which justifies neglect of the terms that lead to higher-order divergences in the
limit when the stretched horizon approaches the true one. In this paper, we will adopt the

latter approach.

We will restrict attention to background geometries which are static so that the expansion
and the shear of the null generators of the true horizon are zero. Next, we will consider some
arbitrary perturbation of this background which may arise due to the flux of matter lowing
into the horizon. As a result, the horizon becomes time dependent and acquires expansion
and shear. We will assume this perturbation of the background geometry to be small so
that we can work in the linear order of perturbation and ignore all the higher-order terms.
Essentially, our approximation mimics a slow-physical-process version of the dynamics of
the horizon ( , ). This essentially means that we are restricting
ourselves to the terms proportional to the first derivative of the observer’s four velocity

u®, which plays the role of the velocity field for the fluid. We will discard all higher-
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order derivatives of the velocity except the linear one so that we can write the membrane
stress tensor as a Newtonian viscous fluid. In this limited setting we will see that the only
divergence that survives is of O(67!) which can be regularized in the same fashion as in the
case of general relativity. Therefore, when we encounter a product of two quantities X and

Y, we will always express such a product as
XY =~ XY +X6Y +Y6X, (4.65)

where X is the value of the quantity X evaluated on the static background and 0 .X is the
perturbed value of X linear in the perturbation.
In order to implement this scheme, we first define a quantity ).,, whose importance will

be apparent later, as

Qap = KKap — Ko Ky, (4.66)
in terms of which we write

Jab = Kap@ — 2K0cQy, (4.67)

where () is the trace of Q.

Now we observe the following facts. First, the components of the extrinsic curvature
of Hs in the backgrounds that we are interested in are O(d). In particular, for the static
spacetimes one can choose the cross-sections of the H, such that the pull-back of the extrinsic
curvature to these cross-sections is K4 = g'yAB. Secondly, for these backgrounds @), and
() defined as above are finite on H, and remain finite in the limit as H, reaches the true
horizon. In fact, Q) 45 for the background, in the limit that H, approaches the true horizon,

is simply Qap = Zvap. Finally, the most singular terms of the linearized Q45 and @ are
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given by

1 0
0Qap ~ 52" (UAB + ED)] 2)’7AB) ) (4.68)
1
0Q ~ E%Q. (4.69)

Notice that the perturbation of the non-affine coefficient x can always be gauged away by
choosing a suitable parametrization of the horizon. This remark means that we can put ox
equal to zero. So, without any loss of generality, we set x equal to the surface gravity of the
background black geometry. Now, as an illustration of the perturbation scheme mentioned
in equation (4.65) and the reason for the definition of the @5, we use the facts mentioned in
the previous paragraph to evaluate a term K,cQ% contributed by J4p which we encounter

in the projection of t,, on the cross-section of H,. We evaluate this term as follows :

K10Q% 4 0K 4c QS + K 400QS

) s C 1 0 °C ) 1 C 0 C
= ;’VACQD + 5 (UAC + m’MO) Qp + ;VAC(;_QH; (UD + (D — 2)7D

KacQ5,

Q

1 . o K Kk 0
~ = (@10@% + ( Qap + —0AD + _—)’YAD>

o D —2) r(D—2
1 (K 0 K K k0
~3 (;O-AD + m;%m + 04D + ;m%m) . (4.70)

In the steps above we have dropped the terms which are of O(1) or O(§) because after
regularization (i.e., multiplying by J) those terms will make no contribution. In this way
one sees that our method of approximation is consistent. At linear order in the perturbation
the only divergence that comes up in the membrane stress-energy tensor is of O(6~') and
therefore the whole stress tensor can be regularized simply by multiplying with § exactly
as in general relativity. The sample calculation above elaborates on how it is done for one
particular term. Using the Gauss-Codazzi equation and the Raychaudhuri equation it can

be shown that the projection of the curvature of the H, on the cross-section of H, is equal
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to the curvature of the cross-section in the limit 6 — 0.

Before writing down the stress tensor there is one more restriction that we are going to
put on the background geometry. We require that the cross-section of the horizon of the
background geometry be a space of constant curvature, i.e., =2 Rypop = ¢(YacyBp —
YADYBC), Where ¢ is a constant of dimension length~=2 which is related to the intrinsic Ricci

scalar of the horizon cross-section as

(D-2) fp
C:(D—?))(D—Z)' (4.71)

This assumption regarding the intrinsic geometry of the horizon cross-section is necessary
for the stress tensor to be of the form of an isotropic viscous fluid. Using these observations
and approximations the contribution of different terms in the membrane stress-energy tensor

due to the GB term in the action are obtained as :

1(D —3)(D — 4) 1(D - 5)(D — 4) (D —3)

Ko P30 ~ 9 2 cKYAB + 5 2 ¢ 748~ (D =g)?18|
! 2 1 (D—3)4f
Sy ~ 5oas(D =70+ gvABﬁT,
1 6K6
J~=(D—3)—
5< ) r )
K P puu? ~ _§ L= 3)2(D —4) ck0,
1 2K0
Tant'a ~ = 5(D = 3=, (4.72)

All the steps required to obtain the regularized membrane stress tensor are laid out now.
Our perturbative strategy and the restriction that the horizon’s cross-section be a space of

constant curvature then yield the membrane stress tensor as

t(AIQ = pyaB — 2n0ap — (0yap, (4.73)
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where

p = 2K+ 4d'ke(D — 4)(D - 3), (4.74a)

n=1-4a/ [—(D_5)2(D_4)c+(p—4)g , (4.74D)
(D —3) I (D=5)(D—-4)(D-3) (D—4)(D-3)2k

C —QM + 40é [— (D — 2) c+ (D _ 2) T (474C)

We stress that while we are working only at the linear order in the perturbations, the o’
corrections in the transport coefficients given in equations (4.74) are non-perturbative. This
simply means that the theory is exactly the EGB theory and the background spacetimes
of interest are exact static solutions of this theory. We are perturbing these backgrounds
slightly and therefore we care about only the linear order terms in the perturbations. This
approach differs from some of the other work in the literature, see for example

( ), where one considers the effect of the GB term in the action as a small
perturbation of general relativity. Also, note that the bulk viscosity ¢ and shear viscosity n

of the membrane fluid are related as

(D —3)
(D—2)"

(=-2 (4.75)

This relationship holds in general relativity and interestingly enough it survives in EGB
gravity. In fact, this relationship is also true for any gravity theory with a Lagrangian which
is an arbitrary function of the Ricci scalar ( ; ) and it shows that the
bulk viscosity of the membrane fluid is always negative as long as the shear viscosity is
positive.

The energy density of the fluid is given by regularizing (i.e., multiplying by J) the com-

ponent of t,, along fiducial observers,

p=—20—4d'0[(D —4)(D — 3)]. (4.76)
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The continuity equation (4.47) yields the equation describing the evolution of the energy
density along the null generators of the horizon. Note that we are actually applying the
linearized continuity equation and in order to derive the evolution equation we have to keep
the induced metric on the stretched horizon fixed. As in the case of general relativity, we
first write down the equation on the stretched horizon keeping the terms which are linear
in perturbations and have O(6~!) divergence in ¢, which gives a O(6~2) divergence in the
continuity equation. This is regularized by multiplying the whole equation by 2. This again
has the same form as in the equation (4.50) with p, n and ¢ now given by the equations

(4.74).

4.6 Specific background geometries
In this section we will study some specific static background geometries. We will calculate

the transport coefficients and the ratio n/s for the membrane fluid.

4.6.1 Black-brane background

The D-dimensional black-brane solution of EGB gravity is given by ( ,

Y Y )

ds® = —f(r)dt* + f( dr + o (Z da; ) , (4.77)

where the function f(r) is given by

- \/1 - % (1 - (%)D_l)] , (4.78)

with A defined in terms of the Gauss-Bonnet coupling o’ as A = (D — 3)(D — 4)a/. The

location of the horizon is denoted by 7}, in terms of which the Hawking temperature and
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the entropy density (in units 167G = 1) are given by

D—1)r

s = 4. (4.80)

Note that the intrinsic curvature of the cross-section of the planar horizon is zero, i.e., ¢ = 0.
Also, the entropy density of the planar horizon in EGB theory is the same as that in general
relativity ( ) ). From equation (4.76), the energy density for the fluid
is just —26 which is same as that in general relativity, i.e., there is no correction in the
energy density due to the Gauss-Bonnet coupling. The transport coefficients for the fluid

description of the horizon can now be obtained from the equations (4.74) as

p = (D-1)7 (4.81)
no= 1—28:3%, (4.82)
(D-3) 4D-1)\
(= 2p—5* 3" (4.83)
The dimensionless ratio n/s is
n 1 (D—1) A
525{1_2@—3)?] (4.84)

We see that the value of 17/s calculated from the membrane paradigm matches the one found
by other methods in the literature, for example ( ), where one of the
calculations utilizes the Kaluza-Klein reduction to express the transverse metric perturbation
in D dimensions as the vector potential in (D — 1) dimensions and then uses the membrane

paradigm results for the electromagnetic interaction of the black hole in (D —1) dimensions.

®Note that our notation is different from ( ). We define the entropy density as the
entropy per unit cross-section area of the horizon. For planar black holes the total entropy is infinite because
the horizon cross-section has an infinite area, but the entropy density is well defined.
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It is evident that the KSS bound is violated for any A > 0. Also, the bulk viscosity becomes
positive when A\/I> > (D — 3)/2(D — 1) and for the same range of A the shear viscosity
is negative. In fact, as pointed out in ( ) and ( ),
the gravitons in the theory become strongly coupled as \/I? — (D — 3)/2(D — 1). For
MI2 > (D —3)/2(D — 1) the theory becomes unstable.

4.6.2 Boulware-Deser black-hole background

The Boulware-Deser black hole ( , , , ) is a
spherically symmetric, asymptotically flat solution of the vacuum EGB theory. It is a
natural generalization of the Schwarzschild spacetime in general relativity. The metric is

given by

ds® = —f(r)dt* + %dr2 + 7r2d?, (4.85)

where dQ? is the metric on a (D — 2)-dimensional sphere and®

2

=1+ 55

14 /1
) +

(4.86)

rD-1

4)\M]

The constant M is proportional to the ADM mass of the spacetime. This spacetime is
asymptotically flat and reduces to the D-dimensional Schwarzschild solution when o/ — 0.

The location of the horizon is obtained from the solution of the equation

P AP T = M. (4.87)

6The spherically symmetric solution of Einstein-Gauss-Bonnet gravity in vacuum admits two different
branches. For our purposes, we are only interested in the branch which has a general-relativity limit when
A—0.
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The surface gravity of the horizon is obtained as k = f’(r,)/2, which gives the Hawking

temperature of the horizon as ( ; )
© dmry, (r2 +2)\) | .

For the Boulware-Deser black hole, the entropy associated with the horizon is no longer

proportional to the area A but is given by (in the units 167G = 1) ( : )
(D—2) A
=4 1 1. 4.
S WA[ +(D—4)r,% (4.89)

We can now evaluate the transport coefficients of the membrane fluid when the background
is chosen as the D-dimensional Boulware-Deser black hole. Note that, unlike the black-brane
case, here the curvature of the horizon cross-section is non-zero and will contribute to the

transport coefficients. Using equation (4.74), these coefficients are calculated to be

(D-3) (D=5

b= R Rt (4.90)
Th Ty
_ 4 N 2AD-5) N
e (D —3) (12 4 2X) * (D —3) ri(ri+2\)’ (4.91)
¢ = -2 (D-3) rp  4D-=5 X  4D-5) \2 o)

(D—=2)(r24+2)\)  (D—=2) (r24+2)X) (D—=2) ri(ri +2))

The ratio of the shear viscosity to the entropy density is

n_ (D —4) (D —3)r} +2X\(D — 5)r2 + 2)X%(D — 5) (4.93)
s 4m(D —3)(r} +2)\) (D —4)r2 +2(D —2)\ ' '

For A = 0 this reduces to the familiar result found in general relativity in equation (4.53).

The ratio violates the KSS bound for any A > 0.
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In the particular case of D = 5, the transport coefficients and the ratio n/s are

2 r? 4r2
2 = d¢(=——_—" 4.94
P T ey ™ ¢ 3(r2 +2)\) (4.94)
4
n Ty
- = ) 4.95
s 4w (ri42X) (r? +6)) ( )

4.6.3 Boulware-Deser-AdS black-hole background
The spherically symmetric solution of EGB gravity with a negative cosmological constant

A =—(D—1)(D —2)/21% is given by (Cai, )

1
f(r)

ds? = —f(r)dt* + dr? + r2dQ?, (4.96)

where d©2? is the metric on a (D — 2)-dimensional sphere and

AIANM 4N
1_\/”70_—1_1_2]' (4.97)

2

-
f(r):1+ﬁ

The position of the horizon is determined by the equation

D—-1

r,?_3+)\r5_5+rhl—2:M. (4.98)

The Hawking temperature associated with this horizon is

1
T =
47T7’h52 (7’,21 + 2)\)

(D —1)ry+ (D =3)ry >+ (D —5)A1%], (4.99)

and the entropy density is given by

(4.100)
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Using equations (4.74), the various transport coefficients are obtained as

(D-3) (D-1)1 (D-5)

p = + i A (4.101)
Th Tn Th
o 4 A 20D —1) Ar?
T = 2T D322 (D-3) B2+ 2N
2D —5) N
(D=3) 202 +2))’ (4.102)
_ D=3 AD—5) A
¢ = - (D-2)(r2+2)) (D —2) (r2+2))
AD-5 N AD—-1) Ar?

. 4.103
(D —2) ri(ri 4 2\) * (D —2) 12(r? + 2)) ( )
Note that in the limit A — 0, i.e., [ — o0, these coefficients reduce to those for the vacuum
case discussed in the Section 4.6.2.

The ratio of shear viscosity and entropy density is

d (D —4)

s 4n(D 32t 2N

(D — 3)I?r} + 2X\(D = 5)I?r? + 2X\%1*(D — 5) — 2\(D — 1)r} (4.104)
(D —4)ri +2(D —2)\ ‘ ’
In particular, for D = 5 the ratio is
I at A (4.105)
s 4w (r2 +2X) (r? +6)) ) ‘

The ratio is positive and violates the KSS bound as long as 0 < A < [?/4,

The result in equation (4.105) can be viewed as a prediction that the long-wavelength
hydrodynamic limit of the dual CFT (at the temperature given by (4.99) in terms of )
living on the boundary S* x R has the ratio n/s given by (4.105). Here we are assuming
that the ratio n/s has a trivial renormalization group flow even for the Boulware-Deser-AdS

background.” Also, in the limit of high black-hole temperature (which corresponds to the

"We thank R. Myers for pointing out that the triviality of the flow on this background does not obviously
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limit 7, — o0), the ratio /s for Boulware-Deser-AdS black hole reduces to the ratio for the

black brane (4.84).

4.7  Summary and Discussion

In this chapter we have discussed our proposal of a perturbative scheme to derive the
membrane stress tensor and the transport coefficients for the membrane fluid in Einstein-
Gauss-Bonnet gravity. We used the action principle formalism to determine the membrane
stress tensor on the stretched horizon. Our derivation is slightly different from the one
given in ( ), since we include the Gibbons-Hawking boundary term at
infinity as well as on the stretched horizon. As a result, all the contribution from the bulk
part under the variation with respect to w vanishes automatically. (It was argued by

( ) that without the Gibbons-Hawking term, these contributions vanish in the
limit when the stretched horizon approaches the true horizon.) Our method can be easily
generalized to the higher-order Lovelock theories.

The membrane stress tensor in EGB gravity has terms cubic in the extrinsic curvature
and in the limit that the stretched horizon approaches the true horizon these terms are
cubically divergent in 6~'. In order to tame these divergences we studied only the per-
turbations about static black geometries. We found that restricting to the linear order in
perturbations on the stretched horizon, the membrane stress tensor is in fact only linearly
divergent. Therefore, at the linear order the divergence structure of the GB contribution to
the stress tensor is identical to that of the Einstein contribution. Hence the whole membrane
stress tensor could be regularized in the same way as in general relativity: simply absorb
one power of the divergent factor in the definition of the stress tensor. We expect that this
method can be generalized to the higher-order Lovelock theories. We also believe that our
method to obtain the evolution equation for the energy density is particularly easy to adapt

to the Lovelock theories because it avoids manipulating the equation of motion in order to

follow from the triviality of flow on the black brane background.
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write the curvature term in the Raychaudhuri equation in terms of the energy-momentum
tensor of the matter.

In order to write the membrane stress tensor in the form of that of an isotropic viscous
fluid we had to restrict the background geometries to those which have a constant-curvature
horizon cross-section. This looks like a severe restriction, and it should be possible to bypass
this requirement by modelling the horizon as an anisotropic fluid with tensorial transport
coefficients. But even with this restriction we are able to study interesting cases discussed
in section 4.6. Nevertheless, it would be interesting to study the more general case by lifting
this restriction and study backgrounds with non-constant curvature horizon cross-section.

The transport coefficients of the membrane fluid for the horizon in EGB gravity are given
in equations (4.74). We notice a relation between the shear viscosity and the bulk viscosity,
(D —3)

)777

C:_Q(D—_Q

which says that if the shear viscosity is positive then the bulk viscosity is negative and vice-
versa. The negative value of ¢ of the membrane fluid is related to the teleological nature
of the horizon. This relation also gives a consistency check that the allowed range of the
GB coupling for the fluid description to make sense is the same whether calculated from
the positivity of n or the negativity of (. It is quite possible that the same relationship
between these two transport coefficients holds for the higher-order Lovelock theories and
this question is worth investigating.

Some particular static spacetimes are analyzed in Section 4.6. For the black-brane solu-
tion of EGB gravity, the membrane paradigm calculation gives a value of 1/s which agrees
with that found in the literature; see for example ( ), which calculates
the ratio from both linear response theory and a Kaluza-Klein compactified version of the
membrane paradigm. The KSS bound is violated for any positive value of the GB coupling.

From the other cases we have studied it appears that the violation of the KSS bound is
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a generic feature of EGB gravity except for the case of an extremal (k = 0) black-brane
solution, where all the GB corrections vanish.

From the purely classical point of view via the membrane paradigm and an input from
black-hole thermodynamics, we have seen that in general relativity the values of viscosity
and entropy density are constants independent of the solution. In particular, they are the
same for the black brane and the Boulware-Deser-AdS black hole. When the o’ corrections
are taken into account, the entropy density for the black brane does not change (because the
horizon is flat), but the entropy density for the black hole increases (see (4.89)). Also, the
viscosity of both the black brane (4.82) and the black hole (4.102) decreases as o' is turned
on. Consequently, in both cases o affects the ratio /s and causes it to fall below 1/47, the
value in general relativity.

Let us try to understand the reason for the difference between the black-brane and black-
hole entropy densities and shear viscosity from a dual CFT viewpoint. If a dual CF'T exists,
it is not the same one that is dual to Type IIB string theory, since in that case the leading
correction to the gravitational action is an O(a’°Rj,) term ( ) ), not an
O(a’) Gauss-Bonnet term. But let us suppose that some dual CFT does exist. The black
hole in the bulk is then dual to a finite-temperature CFT on the conformal boundary S* x R
of the bulk, and the black brane in the bulk is dual to the same CFT on R* € S® x R and
is thermal with respect to a different conformal Killing generator.

The o corrections to entropy density and shear viscosity presumably correspond to
corrections due to finite 't Hooft coupling A; (or something analogous) in the dual CFT. In
the limit of infinite \; (i.e., when the holographic dual to the boundary theory is just classical
general relativity®), the hydrodynamic limit of the boundary theory has the same entropy
density and viscosity for both the black-hole and the black-brane duals. When the effects

due to finite \; are taken into account they become different. Evidently the corrections due

8We assume that, if the duality entails other fields in the bulk, those fields do not affect the black branes
and black holes, at least at the order we are working.
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to finite 't Hooft coupling must be sensitive to whether the dual CFT is on S* x R or R*.
Why might that be?

First note that even with infinite 't Hooft coupling, there is a difference, in that on S* x R
there is a critical temperature, set by the radius of the S3, below which the CFT is confining
and is dual to AdS without a black hole ( , ). However, once above the critical
temperature, the leading order entropy density and viscosity are strictly identical to those
on R*. Perhaps we may interpret this as being due to an infinitely sharp phase transition

in the presence of an infinite 't Hooft coupling.

Now consider the situation at finite 't Hooft coupling. When r, > [, the black-hole
temperature (4.99) is T ~ 7, /1> > 1/I. (Here we use the fact that for a stable theory we
must have A < [2/4, so also 7, > v/A.) In this high-temperature regime, s and 7 become
indistinguishable from their values for the black brane. In the dual CFT, this is to be
expected since the thermal wavelength is much smaller than the size ~ [ of the S*. Away
from this limit, the thermal state on S? x R is different, in its local properties, from the
thermal state dual to the black brane.

It remains somewhat puzzling however, from the dual CFT viewpoint, that there would
be no o' correction to the entropy density of the black brane, given that there is such a
correction to its viscosity. In fact, in the case of the Super-Yang-Mills theory dual to Type
IIB string theory, there is indeed an o/ correction to the black-brane entropy, seen from
an O(a/’R} ) correction to the gravitational action ( : ). While it has
not been computed in the dual CFT, the duality asserts that this correction arises from a
finite 't Hooft coupling effect in the CFT. By contrast, the absence of an o’ correction to
the black-brane entropy in EGB theory suggests that, if there indeed is a field theory dual
to EGB gravity, for some reason it has no O(«/), finite 't Hooft coupling correction to the
thermal entropy on R*.

Let us spell this out a little more explicitly. To obtain the CFT entropy density from

the horizon entropy density one must multiply by (r,/l)”~2, the ratio of horizon ‘area’ to
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spatial volume ([ I12,%dz;) of the CFT. Although the black-brane metric (4.78) receives
corrections from o, the ratio r,/l = 47nT1/(D — 1) in equation (4.79) is independent of
o/ when expressed in terms of 7. Thus, for D = 5, the entropy density of the CFT is
oc (T1)3(lp)~2 = T3(1/1p)3, where Ip is the 5-dimensional Planck length. For the black hole,
by contrast, equation (4.99) shows that ry/l depends on o at fixed temperature, and also
the horizon entropy receives an ' correction. Hence, the entropy density in the CFT must
also receive an o/ correction. This discrepancy is puzzling, since although the finite size of
the S? could naturally affect the temperature dependence of the entropy at low temperature,
it would seem that the mere presence or absence of finite-coupling effects in the CFT entropy
density should be independent of the finite size of the S?.

As far as other transport coefficients are concerned, the relation between the bulk viscos-
ity of the membrane fluid and that of the dual gauge theory is not clear. The bulk viscosity
of the membrane fluid is negative while for the gauge theory it is necessarily non-negative
(and is zero if the gauge theory is conformal). It might be tempting to conjecture that the
bulk viscosity undergoes a non-trivial renormalization group flow as one takes the cutoff
surface from the membrane to infinity (where the gauge theory lives). But the calculation
depicting the relation between bulk viscosity and the flux of gravitons ( , )
suggests that this flow is trivial. In fact, that this flow is trivial has very recently been shown
in ( ). It would be interesting to see what exactly, if any, is the relation
between the bulk viscosity of the membrane fluid and the dual gauge-theory fluid.

We reiterate before closing that our results are derived for linear-order perturbations of
the static background geometries where the cross-section of the horizon is a space of constant
curvature, and we have evaluated only the first-order transport coefficients keeping only the
terms of first order in derivatives of the velocity. It would be interesting to generalize this

procedure to calculate the higher-order transport coefficients.
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Table 4.1. Symbols and their meanings

Meaning

True horizon, a (D — 1)-dimensional null hypersurface

Stretched horizon, a (D — 1)-dimensional timelike hy-
persurface with tangent u® and normal n®

Spacetime indices

Indices on the (D — 2)-dimensional cross-section of the
true/stretched horizon

Null generator of the true horizon parametrized by a
non-affine parameter. Obeys the geodesic equation:
19V, I = k1P

hab

Induced metric on the stretched horizon

Yab

Induced metric on the cross-section of the stretched hori-
zon, which in the null limit is identified with the metric
on the cross-section of the true horizon

Extrinsic curvature of the stretched horizon, defined as
Kab - %thab

kap

Extrinsic curvature of the cross-section of the true hori-
zon, defined as kap = %EWAB

9.0,

Expansion of the true/strectched horizon

ab ab
s

Shear of the true/stretched horizon

Rabcd

Riemann tensor intrinsic to the stretched horizon

(D_Q)]O%ABCD

Intrinsic Riemann tensor of the (D — 2)-dimensional
cross-section of the stretched horizon in the background
geometry, which in the null limit is identified with the
intrinsic Riemann tensor of the cross-section of the true
horizon

(D-2)R

Intrinsic Ricci scalar of the (D — 2)-dimensional cross-
section of the stretched horizon in the background geom-
etry, which in the null limit is identified with the intrinsic
Ricci scalar of the cross-section of the true horizon

The parameter which measures the deviation of the
stretched horizon from the true horizon

Defined as ¢ = ( el

-3 (For the planar horizon, ¢ = 0)

Gauss-Bonnet coupling constant

Constant of dimension length® related to the Gauss-
Bonnet coupling o as A = (D — 3)(D — 4)d/
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Chapter 5

Appendix

5.1 A: Useful identities

D is a connection on a G-bundle E. A is the connection one-form and F denotes its
curvature two-form.
n and p are E-valued differential forms with degrees p and ¢, respectively.
w and p are end(FE)-valued differential p and ¢ forms, respectively.

The Graded Commutator is defined as [w, u] = w A p — (=1)"u A w.

e Dp=dn+wAn.

Dw = dw + [A, w].

D?*n=F An.

o D’w = [F,wl.

tr(w A p) = (=1)Ptr(p A w). (graded cyclic property).

trfw, u] = 0.

e trD(w) = dtr(w).

S tr@w A p) = [, tr(w A ) + (=12 [} tr(w A D).

o [ tr(wAsp) = [, tr(pA*w).
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ie(nAp) =ien Ap+ (=1)'nAiep.

el ] = fiepts ] + (—1)P [ i)
LeA=1iF +D(icA).
Len =iDn+ Diegn —icA A p.

Lepp = 1Dy + Digp — [icA, p.
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5.2 B: Review of hydrodynamics

We give here a concise but useful tutorial on the basic equations of hydrodynamics. For

this discussion we have mainly relied on ( ) and ( ).

5.2.1 Non-relativistic fluid dynamics

The degrees of freedom for an ideal, neutral, uncharged one-component fluid are: velocity
v(t, ), pressure p(t,Z) and mass density p(f,Z). The dynamics is governed by the Euler
equation, which is the hydrodynamic version of Newton’s second law, and the continuity

equation, which is the hydrodynamic version of conservation of energy,

1=
O+ (V- 0) = ——0p Euler equation (5.1)
P

Op + d - (pv) = Continuity equation (5.2)

The number of unknown variables is 3+1+1 = 5, while the number of equations is 3+1 = 4.
In order to close the system we need one more relation, namely the equation of state p = p(p).
Then we have a complete description of the fluid dynamical system.

For a non-ideal, i.e., dissipative fluid the Euler equation generalizes to the Navier-Stokes

equation

. , 1 1 ;
ot + VPOt = —=9;p — =9, IIM, (5.3)
p P
where the dissipative term IT* is given by
) ) 1. ) ) )
% = —2p (8(%’) — 55”“83-1}]) — &6% 007 (5.4)

The term in the parenthesis is just the symmetric traceless part of 9% and its coefficient
7 is called the shear viscosity of the fluid. The coefficient of the trace part, £, is called the

bulk viscosity of the fluid.
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5.2.2 Relativistic fluid dynamics
The variables for the relativistic fluid are the energy density p(z) and a velocity field

ut = %. From the metric dr? = n,, da*da” = —dt* + d7* we get

dz* B dz* dt B 1

e Y =L ELIG (R (5.5

u- =

In the non-relativistic limit u* ~ (1, 7).
Let us first construct the ideal relativistic fluid dynamics. In this case the stress-energy
tensor of the fluid contains no derivatives of the fluid velocity u*. The most general sym-

metric and generally covariant tensor that one can build is
™ = putu” + ph* (5.6)

where h*” is the projector on the hypersurface orthogonal to the velocity u#, such that

u, " = u, " = 0. The projector is given by
h = g" + utu”. (5.7)

The equations of fluid dynamics are nothing but the statement of the conservation of the

stress energy tensor (and charges in the case of a non-zero chemical potential) of the fluid,
Vv, = 0. (5.8)

Using the ideal form of the stress tensor in equation (5.6) and taking the projection of

equation (5.8) parallel to u,, u,V,T"", gives

(0 + D)Vt + 4V, =0, (5.9)
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and taking the projection orthogonal to u*, thAT BA gives
(p + p)u*Vyu" + h**Vyp = 0. (5.10)

In order to have a compact notation we define the derivative operator on the hypersurface
orthogonal to v* as D, = h4V,, where it is assumed that D, acts only on tensors whose
components are tangential to the hypersurface orthogonal to u*. Also, the derivative along
u* will be denoted by D, i.e., u*V, = D. Using these operator definitions, equation (5.9)

can be written as

Dp+ (p+p)V,u" =0, (5.11)
and equation (5.10) can be written as

(p+p)Du" + D*p = 0. (5.12)

Equation (5.11) is the relativistic version of the continuity equation and equation (5.12) is
the relativistic version of the Euler equation.

Away from the ideal limit the fluid does have energy dissipation. This is because of the
internal friction and is phenomenologically due to the different fluid elements moving with
different velocities. Thus the dissipative effects are due to the velocity gradients. This can be
incorporated in the stress tensor of the fluid by introducing terms containing the derivatives
of the velocity and respecting the symmetries of the system. In general the stress tensor can

be written as
™" = pulu” 4+ ph*" + 11", (5.13)

where II*Y is the viscous contribution to the stress tensor. When there are no conserved
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charges we can assume that the momentum density is due to the flow of energy density, i.e.,
u, " = pu”. This implies that u,[1"” = 0. This really amounts to a choice of rest frame of
the fluid. In general, one can choose the velocity of the fluid to be either in the direction of
energy flow (Landau frame) or in the direction of charge flow (Eckart frame). One can then
show that the charge diffusion in one frame is related to the heat flow in the other frame.
Here we don’t have any conserved charges so the Landau frame is the only possibility.

-

As before, taking the projection of the conservation equation of the stress tensor (5.8)

in the direction parallel and orthogonal, respectively, to the fluid velocity we get

Dp+ (p+p)Vuu' + 11" Dyu, =0, (5.14)

(p + p)Dut + D'p + KAV, 11" = 0. (5.15)

We still need to find what the dissipative contribution IT*¥ to the stress tensor is. So far we
have not used the fact that we are dealing with the fluids which are in local thermodynamic
equilibrium. Local energy density p, local pressure p and local temperature T of the fluid

are related to its entropy density s by the following thermodynamical relations,

sT' = p+p,

Tds = dp. (5.16)

We can derive what the viscous stress II*” looks like by asserting that the fluid should
follow the second law of thermodynamics, i.e., defining the entropy current in equilibrium

as s* = sut, we demand that V,s" > 0. Using equation (5.16) in (5.14) gives

1
V, (sut) = —TH‘“’D#U,, (5.17)

78



Now decompose II*” into it’s trace-free and the trace parts as

1
HMV = 7T/“/ + thuV7 (518)

where II = II*h,,, is the trace of I[I*V. Now define an operator PC’M‘E that projects a tensor

of second rank to its symmetric traceless part as

tog+ts) 1
Uas tlsa) 1, (5.19)

Pt =
af “H 9 3

Thus the divergence of the equilibrium entropy current can be written as
V, (su") = — ~ 2 POD, 0y — STID,ue (5.20
u(sul) = 7" Pl Dot — = TTDqu®. .20)

The second law of thermodynamics V,s* > 0 will be ensured if

= — QnngDau'g and
M= —&Du”,
with 75>0, &> 0. (5.21)

Comparing with the non-relativistic case discussed earlier, we recognize n and £ as the
coefficients of shear and bulk viscosity, respectively. The entropy balance law can now be

written as

2
V, (su*) = %ijl)au[gD“u” + % (Dou®)? . (5.22)
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