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First-Order Self-Force in Review: Results

Assume a particle mass ;. is in quasi-stationary circular orbit around a
Schwarzschild black hole with mass M.

e Numerical values for:
hlret hlS th

e Self-Force is O(u) and generated by the Regular field:
UVt = —(g8" + v uP)uu?(Vehyy — SVphiy).
e Physical spacetime local to the particle:
ab = 8op + W'
e Worldline of the particle is perturbed away from the background
geodesic, vo(7), by an O(u) correction,

Yo — Yo + 1R,

which is determined by the first-order geodesic equation.
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Second-Order Enhancements: Energy

e To zeroth-order, the total energy of this binary system is simply M.
e From the perturbed geodesic equation,

d 1 0
Ua 7ubuc

— 0 th
dr 2 Ox2 (gbc + bc )7

one finds,
(r—2M)

Tawy 1O O0D)

pE =p

e For ¢ = 0 we find the O(u) correction to the energy is E, which
has no contribution from the self-force term hig.

e The self-force effects in the energy of the system first appear at
O(u?)!
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Second-Order Enhancements: Phase Evolution

e Define a gauge-invariant measure for the energy,
Moo = M+ pE + O(1i?),
which is chosen to be the Bondi mass.

e Given the orbital frequency, Q(E), and the rate of energy-loss,
dE /dt, the phase of the orbit may be expressed as,

o(t) = Jf, dt QE(t))
= fo dt (0 +t[RE]+--),

where (Q, is the frequency of the orbit at time t = 0.
e Regge &Wheeler (1957) give E ~ E;y = —u;, and %E has been

dt
known to first-order since the 1970’s.

GCGM '13 5 J. Thompson



Second-Order Enhancements: Phase Evolution

e Let the second-order corrections be given by A, 4, then after
integration,

1 dQ dE
t) = tQy + =2 | — —
o(t) i [dE dt

:| [1+A2nd+"']-
2 1st

e To estimate the error in one full cycle of the orbit, we find the
de-phasing timescale:

o~ 3620 ()], 0+ [0 ()], )

and by ignoring the higher-order terms above second-order, the
O (u?/M?) contributions result in a de-phasing timescale,

M M
tist ~ My | — tong ~ () tist-
\/ 1 I

GCGM '13 6 J. Thompson



A Second-Order Primer
e We now express the physical spacetime to second-order,
Gab = 80y + hLEE + 2,
where h" ™t = O(u") and G,p(g°) = 0.
e The full second-order problem may be expressed as,

Gab(8° + M + h?'°") = 8 Top(0 + 71r) + O(1%).
e By expanding about g® and defining:

1 [dn
G (g, h) == |:Gab(g + Ah)}
b al [ dx o

we recover the second-order perturbation equation:

Ga(i)(g07 h?ret) = 87 Tap(vo +71r) — 87 Tan(70)
2 re
G5 (8% ) + 0.
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A Second-Order Primer

e In general, the stress-energy of a point particle is given by,

usup dr $5IX
Ta ~ f— —
s(10) = 272 2B (T
e Taking a closer look at the stress-energy in the second-order
equation,
Tab(’Yo + %R) - Tab(%) = pA (\u/ai 3?) 53[Xl i(T)]

e 5 X~ (T

The A operator represents an O(11) change to the quantities within
the parentheses.

e This term is O(p?) in the perturbation, which is to be expected.

e Question: Are the integrability conditions for the second-order
perturbation equation satisfied?
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Integrable?

e Answer: Yes and No (and Yes)!
e Moving away from g, the Einstein equations reduce to the form:
G‘glla)( 0 h2rcL) 655127( O’hlrct) +O(/1,3),

and the integrability condition V"”G ( 9 h) = 0 has been shown by
Habisohn (1986) to be satisfied for a vacuum solution.

e On or near 7p, the integration becomes tricky, due to the singular
nature of A1 and h?*°! at the location of the particle.

e The divergence of these singular terms is finite and discontinuous on
~o due to the ignorance in our knowledge of the singular field.

e This ignorance, however, can be shown to only affect the O(;%)
calculations, and thus the problem is well-posed to second-order.
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In Conclusion

e Second-order effects are well worth the effort!

e A correct description of the second-order stress-energy requires
information obtained from the first-order self-force problem.

e The second-order equations are soluble to O(;/%) everywhere.

Thank You
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Appendix: Equations

= V<V hap — vah+2v th)
2R heg + 8ap(VEV ch — VEVh

3Vah“Nheg + hV,Vaheq + 5Vah VY ch
+3IVhEVch— 3V hVChay — VohVahd
—Vbh;th;’ + Vchabvdhcd — thvdVahbc
thdVdVbhac + thVdVChab — hadeVcth
+h,,VaVeh — Vchbdvdh; + thbcvdh;
+8ab(h¥V gV ehE — hV gV ch+ 2V ghVh
+VchdVehg —VIhVehs + h9V Vahe
—hVeVeheg + 3V ghee Ve — 2V hegVeh™)
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