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Introduction

Introduction

This course is designed to introduce the basic techniques needed to study the dif-
ferential equations which arise in acoustics and vibration. There are no generally applicable
techniques for solving differential equations. There are specific techniques which work in
special cases, but in general solving an arbitrary system of differential equations is considered
a hopeless task. Luckily, some of the special cases are of physical interest.

There are several ways that differential equations are classified. The order of a dif-
ferential equation is the highest derivative appearing in the equation. A differential equation
is said to be linear if the unknown functions appear linearly, otherwise the equation is said to
be nonlinear. A differential equation in which only one independent variable is differentiated
is said to be an ordinary differential equation. If several independent variables are differenti-
ated then these derivatives are necessarily partial derivatives and the equation is said to be a
partial differential equation. A differential equation is said to be homogeneous if multiplying
the unknown function by a constant has the effect of multiplying the entire equation by a

constant.

Example 1.1: The n-dimensional wave equation,

(3 agalr=o

is a second order linear partial differential equation.

Example 1.2: The n-dimensional plate equation,

(A2 —I—Kg—;)u: 0,

is a fourth order linear partial differential equation.
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Example 1.3: Assuming a sinusoidal time dependence p(x,t) = f(x)sin(wt) in the wave
equation one obtains the n-dimensional Helmholtz equation,

2

(2+55)s-0

a second order linear partial differential equation if n > 1. If n = 1 it is a second order linear

ordinary differential equation.

Example 1.4: Newton’s law,

d’z
m—s = F(x
2 (x)
is a second order nonlinear ordinary differential equation except in the special case F' = —kx

when it becomes a 1-dimensional Helmholtz equation.

Example 1.5: The equations of lossless fluid mechanics; the continuity equation

dp
E‘FV'(,OV)—O,

and the Euler equation,

p(2+v-v)v: ~vP

along with an isentropic equation of state, p = f(P); are a system of nonlinear first order
partial differential equations. Here p is the density, p the pressure and v the velocity of the

fluid at a given point in time and space.

In the above V is the n-dimensional gradient operator

n
N9y

V-v=
jzlc‘?xj
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and A is the n-dimensional Laplace operator

A=V-V
> o
j:laxi.

Most of our time will be spent on linear problems. The solutions to a homogeneous
linear differential equation satisfy the principle of superposition. Let L be a linear differential
operator so that Lf = 0 is a homogeneous linear differential equation. Then for any functions

f1 and f5 and constants a and b
L(afi +bf2) = aLfi + bLfo.

In particular, if both f; and fs are solutions, Lf; = 0 and Lfs = 0, then af; + bfs is also a
solution. This is never the case for nonlinear equations.

Inhomogeneous linear differential equations are of the form

Lf=g

where ¢ is known. If f; and f, are solutions of this inhomogeneous problem then
Lifi—=f)=9g—9=0

so that f; and fy differ by a solution of the homogeneous problem Lf = 0.

If the solution to a differential equation is to represent a physical quantity it must
be real valued. However it is sometimes more convenient to find complex valued solutions.
For linear equations Lf = 0 with L. and f both real, both the real and imaginary parts of f
are also solutions, and are real valued.

A large class of solvable (in the sense that they can be reduced to algebraic equations)
linear equations are those with constant coefficients. The solutions to such equations are
superpositions of exponential functions. That is because

%eka: — kekx

so that differentiation can be replaced by multiplication by a number, k.

4
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Example 1.6: An example of a linear system of ordinary differential equations with constant

coeflicients is

d? d d d?
2— — — 41 —U = S w =
( dz? dx + )u+3d:1,‘v de2 0
d d?
—2%u+ (@ — 2)w =0
d? d d
— 42 Vot —w=0.
( dz? + dx)v+dxw
The general solution will be superpositions of solutions of the form
u(x) A
v(z) | = | B | ™.
w(z) C

To see what restrictions are placed on the constants A, B, C and k substitute into the

differential equation. One obtains the algebraic equation

2k% —k+1 3k —k? A 0
—2k 0 k? —2 B|l=10
0 —k*+2k  k C 0
Thus, k£ must be chosen so that the above matrix has determinant 0 and then, for such k,
A
the vector | B | must be an eigenvector of eigenvalue 0.
C

Example 1.7: If ¢ is a constant then the n-dimensional wave equation has constant coeffi-

cients. The exponential solutions are the so-called plane wave solutions
p(x, t) _ Aeikx—iwt.

Substituting into the wave equation one finds that

w2

2’

k-k=

Example 1.8: Acoustics is typically based on a linear approximation to fluid dynamics.
Consider an undisturbed fluid at rest with constant density po and pressure Py and no velocity.
Let primed variables denote small disturbances from this quiescent state:

p=po+p,

5



Introduction
P=PFPy+P
V=V.

Expanding the equations of fluid dynamics in the primed variables and keeping only linear

terms one obtains, identifying po = f(P),

p = f'(P)P,
f/(Po)aaI; +poV-v' =0
and
poaa—‘: + VP =0.

One finds plane wave solutions
P o A ik-x—iwt
(V)-(s)r

—f'(Po)wA + pok-B =0

with

and

—powB + kA =0.

Note first that if k- B = 0 then A = 0 and the solution is trivial. Assuming that

k - B # 0 the second equation implies that
k-kA = powk - B.

Substituting into the first equation one finds
2 k * k
w* = .
J'(Po)
Any k and w satisfying this relation and any B with k - B # 0 leads to a solution with

_powk'B
 k-k

A

The factor is identified with the speed of sound squared.

1
f'(Po)
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Review of Linear Algebra

In this chapter the basic concepts of linear algebra are reviewed. Most often our
field of scalar quantities will be the field of complex numbers C, however, we will sometimes
have occasion to restrict our scalars to being real. Thus, when generality seems desirable,
the symbol K will be used to denote either the set of real numbers R or the set of complex

numbers C.

Vector Spaces:

Crudely put, a vector space is a set which is closed under linear superposition: for
vectors v and w, av + bw is also a vector. Here a and b are scalars (ordinary numbers). Most
often our field of scalar quantities will be the field of complex numbers C, however, we will
sometimes have occasion to restrict our scalars to being real.

The precise definition is: V is wector space over K if the elements of V' can be

multiplied by elements of K and added to each other so that given any a,b € K and v,w € V
av+bweV.

Example 2.1: R is a vector space over itself. C is both a vector space over itself and over

Example 2.2: The set of n-vectors
X1
Z2
Tn

where z; € R is a vector space over R. This space is called n-dimensional Euclidean space
and is denoted R"™.
Similarly, if x; € C the space is called n-dimensional complex space and is denoted

C™. C™ is a vector space over both R and C.

7
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Example 2.3: The set of all complex valued functions of a real variable is a vector space
over both R and C since if f and g are any functions then af + bg is also a function. Note

that a function f is said to be 0, f = 0, only if f(x) = 0 regardless of z.

Given a vector space V, N elements of V, vi,vs,..., vy, are said to be linearly
independent if the only linear combination of the vectors to add up to 0 is the trivial one in

which all the coefficients are 0: linear independent if

aiv1 +asve +...+ayvy =0

only for a; =as=...=an =0.

If v1,v9,...,vN are not linearly independent then there is a linear dependence re-
lation between them. That is, there are coefficients a1, as,...,ay not all of which are 0, for
which

aiv1 + asve + ... +anyvy = 0.

This means that these vectors are not independent in the sense that any one of them can be

expressed as a linear combination of the rest.

\
v w

For N =1 the situation is trivial: one vector is always linearly dependent on itself.

For N = 2 the vectors v; and v are linearly dependent if they are proportional to each other:

8
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ai1v1 + asve = 0 = vy = —g—fvl. Geometrically, representing vectors in the usual way as

arrows pointing out from the origin in an n-dimensional Euclidean space, two vectors are
linearly dependent if they are parallel. Conversely, while one vector determines a line, two
linearly independent vectors determine a plane. Similarly, given two linearly independent
vectors v; and vo and a third vector vz, there is a linear dependence relation between vy, vo
and vz only if vg lies in the plane determined by v; and vs. Otherwise vy, v9 and vz determine
a 3-dimensional subspace of V.

In general, given vy, ve,...,vny € V, the subspace of V given by the set of all linear
combinations

a1v1 + a2V + ... FanNUN

is itself a vector space and is called the vector space spanned by vy, vs,...,vn. The largest
number of linearly independent vectors among the vy, vs,...,vy is called the dimension of
this subspace. It can be shown that in an n-dimensional vector space V'

i) Any n linearly independent vectors in V span V.

ii) No set of m vectors can span V' if m < n.

iii) No set of m vectors is linearly independent if m > n.

It follows that, given any n linearly independent vectors b1, bs,...,b, in V, any vector v can

be written as a linear combination of the b;,
v =-c1by +coby + ... +cpby,.

Here the ¢; are in K. This follows since V' is n-dimensional and thus there must be a
linear dependence relation between any vector v and the set of the b}s. A set of n linearly

independent vectors in an n-dimensional vector space is called a basis for the vector space.

Example 2.4: R” is an n-dimensional vector space over R since the vectors

1 0 0 0
0 1 0 0
of, [of, 2], ..., |0
0 0 0 1

are linearly independent. These n vectors form a basis for R™ known as the standard basis.

9
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A non-standard basis for R3 is

1 ~1 0
o, 2], 1
~1 0 1

Similarly C™ is an n-dimensional vector space over C. However, C” is also a 2n-

dimensional vector space over R since the vectors

1 i 0 0 0 0 0 0
0 1 i 0 0 0 0
O Y O ) 0 ) ) 1 ) t ) 0 Y ) 0
0 0 0 0 0 0 1 i

are linearly independent.

Example 2.5: The set of n'" degree polynomials with complex coefficients,
ap + a1z + asx® + ...+ apa™,

is an (n+1)-dimensional vector space over C since the monomials

are a basis for this set. Note that the set of all polynomials with complex coefficients, without

restriction on degree, is infinite dimensional over C.

An inner product on a vector space V is a function of two vectors, say v and w,
usually denoted by (v, w), which satisfies
i) (v,w) e K
ii) (v,w) = (w,v)

iii) (v, awy + bwsy) = a(v,wy) + b{v, wa).

10
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iv) (v,v) > 0 if v # 0.
Here 7 is the complex conjugate of z, a and b are in K and w; and wy are in V.

Inner products are generalizations of the dot product in R™. In fact, for x,y € R",
(x,y) = x -y is an inner product. In C™ the standard inner product is (x,y) =X -y. Once
one has an inner product one can speak of orthogonality. Two vectors, v, w, are orthogonal
if (v,w) = 0. Similarly, the norm of a vector is |[v|| = v/(v,v). An orthonormal basis for a
vector space is a basis whose elements are all mutually orthogonal and whose norms are all 1.
Recall that in the case of the standard inner product in R™ orthogonality means geometrically

perpendicular and norm means geometric length.

w
vew =M Mcos 6 v
0
If by, ..., b, is an orthonormal basis then
(bj, bi) = 0jk-

The nice thing about an orthonormal basis is that if one wishes to express any vector v as a

linear superposition of the b;,

vV = Clbl —+ CQbQ + ...+ Cnbn,
then the coefficients c¢; are easy to find:

¢ = <bj7v>'
Example 2.6: Let f and g be functions on [—1, 1]. Define
1 —
) = | T go)do
-1

11
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It’s easy to check that this is an inner product on the vector space of functions on [—1,1].

Note that with respect to this inner product the functions
Sp(x) = sin(nrx)

cn(x) = cos(nmx),

forn =1,2,3,..., and ¢y = \/LE are all mutually orthogonal. Further, they all have norm
1. The basic fact of Fourier analysis is that the span of these functions is large enough
function space to satisfy all of our needs. Thus, they can be used as if they were an ordinary

orthonormal basis. The precise statement is that if ||f|| is finite then, given the Fourier

coeflicients
1
G = / en() f(2) da
-1
1
by = / su(@) f(x) dz,
-1
one has
N
Jim 7= 3 (anen tusn) <0

The way to read this expression is that any f with finite norm can be well approximated,
with respect to this norm, by superpositions of sine and cosine functions.

The difference between equality with respect to this norm and actual equality is
that the Fourier series can differ from the function but only on a set which is so small that it
doesn’t effect the integral giving the norm (most often an isolated point). This is the origin
of the Gibbs phenomenon.

It turns out to be true in a similar sense that any function with finite norm can be
well approximated by polynomials. However, the monomials f,,(z) = 2™ are neither mutually
orthogonal nor of norm 1. They can be orthogonalized by the Gram-Schmidt procedure, and
then normalized (by dividing an unnormalized function by the square root of its norm).
The standard choice of orthogonal polynomials with respect to this norm are known as the

Legendre polynomials. The first few are

Po(IL‘) =1
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Pi(z)==x
L, o
Py(z) = 5(3x —1)
L. 3
Pi(z) = 5(5:1: — 3x)
1 4 2
Py(x) = §(35:1: —302° + 3)

and so on. These functions are not normalized,

Matrices and Linear Operators:
Matrices arise in several ways. The most straightforward way is from systems of

linear equations: a system of m linear equations for n unknowns x1, s, ..., x,,

n
E QLT = bj
k=1

for j =1,2,...,m, can be written as
aii aiz2 -+ Q1p X1 b1
az1 Q2 - A2y T2 b2
am1 am?2 te Amn T bm
or

where A is the obvious m x n matrix, x € R"™ and b € R". This looks very much like the
1-dimensional linear equation az = b and should be thought of (as much as possible) in the

same way.

13
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Given an m x n matrix A the transpose of A, At, is the n x m matrix obtained by

exchanging rows for columns,

aixz a1 - Qmil
Al aiz a2 - Gm2
a1n a2p, e Amn

The adjoint of A, A*, is the complex conjugate of the transpose,

air Qo1 Qmi
A aiz Qg2 -+ Gmy2
C_Lln a'Qn Tt awnn

We will restrict out attention to the case m = n in which there are as many equations
as unknowns. By analogy with the one dimensional case we would like to express the solution
of Ax = b as x = A~ !b, if this can be done. Clearly this procedure works if A is invertible
in the sense that there is a matrix A= with A=A =T (here I is the n x n identity matrix,
with 1 on the diagonal and 0 elsewhere).

If A is invertible then the only solution to Ax = 0 is the trivial solution x = 0. The
converse turns out to be true as well: if the only solution to Ax = 0 is the trivial solution
x = 0 then A is invertible. Also, it can be shown that A='A = I implies that AA~! =1
from which it follows that (A?)~! = (A1)t

If one writes the columns of A as vectors

anj
then

Ax = r1a; + x0as +...2,a,.

Thus Ax = 0 for x # 0 is a linear dependence relation between the columns of A. Similarly
A'x = 0 for x # 0 is a linear dependence relation between the rows of A (note that if the
rows of A are not linearly independent then the n equations in the linear system Ax = b
are not independent). It follows that A is invertible if either its columns or rows are linearly

independent.

14
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A final criteria for the invertibility of A is based on the determinant. The determi-
nant of an n x n matrix, det A, may be defined inductively as follows. If n = 1, so that A
is just a number, let det A = A. If n > 1 let AU*) be the n — 1 x n — 1 matrix obtained by

removing the j** row and k** column from A. Then define
det A =) (—1)*ar; det AU,
k=1

Properties of the determinant are
det(AB) = det A det B.

If A’ is obtained from A by exchanging neighboring rows then det A’ = —det A. Similarly
if A’ is obtained from A by exchanging neighboring columns then det A’ = — det A.

The determinant is a bit abstract. Unfortunately it arises often. For example, it
turns out that A is invertible if and only if det A # 0. In fact, if det A # 0, there is an

explicit formula for A=1. If

x11 G122 - Qqp
AL Qg1 Q2 -+ Q2p
(6795} ap2 e Apn
then
—1)itk ‘
ijk = % det A(kj)

To summarize: the following statements are equivalent.
i) For any b € C" the equation Ax = b has a solution.
ii) A is invertible.
iii) The columns of A are linearly independent.
iv) The rows of A are linearly independent.
v) det A # 0.

vi) The only solution of Ax = 0 is the trivial solution x = 0.

Example 2.7: The system of equations

20 —y+2=1
—r+2y=-1
Yy—z=2

15
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is equivalent to

2 -1 1 x 1
-1 2 0 y | =1 -1
0 1 -1 z 2

2 -1 1
det | -1 2 0 |=—4+1-1=-4
0 1 -1
and
2 -1 1\ (-2 0 -2
-1 2 0 =1 -1 -2 -1
0 1 -1 -1 -2 3
so that
x 1 2 0 2 1
v =7 1 2 1 —1
z 1 2 =3 2
3
2
- 1
- 4
_7
1
Example 2.8: If by, ..., b, is a basis for a vector space V', with inner product (-,-), to find

the coefficients c¢; in the expansion v = ¢1b1 +c2b2 +. . .+ ¢, b, one must solve the n equations

n

(bj,v) = (bj, be)c

k=0

It follows that
¢ (br,b1) o (buyba)\ [ (b1, 0)

Cn <bnab1> e <bnabn> <bn,’U>
Note that the condition that the matrix in this last expression be invertible is equivalent to

the linear independence of the basis vectors.
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A linear transformation 7" on a vector space V is a function for which Tv € V for
all v € V and which is linear, T'(av + bw) = aTv + bTw. Given a basis for V, by, by, ..., by,
any v € V can be written

v =-c1by +coby + ... +cpby,.

If T is linear one has

Tv = ClTbl —+ CQTbQ + ...+ CnTbn.
But Th; € V can be written as a superposition of the b;,
Tbj = aljbl + CLijQ 4+ ...+ anjbn,

so that
Tv = chajkbj.
jk

It follows that

Tv = Z ajbj
J

with
o1 air a2 - Qi C1
5] G21 Q22 -+ Q2n C2
Qp Gn1 QAp2 - App Cn
The matrix in this last expression is the matrix representing 7' in the basis b1, bo, ..., by,.

Example 2.9: Let V be the vector space of polynomials of degree 3 or less. Then the

derivative operator is a linear transformation from V into itself. Explicitly, if

p(z) = ag + arx + asx? + azz®

is an element of V' then the derivative of p is

d
@p(x) = ay + 2027 + 3azx>.
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With respect to the basis {1, z, 22, 23} one has

U

8
o O O O
OO O

o NN O
O W o O

0

in the sense that if one specifies a third degree polynomial by listing the coefficients of the

various powers in a 4 vector, arranged in increasing powers beginning with the constant term,

Qg
ai
p(.fC)— as ’
as
then one has
01 0 0 ap
d [0 0 2 0 ay
=10 0 0 3] a
00 0 0 as
ai
. 2612
o 3&3 '
0

A vector v spans a 1-dimensional subspace. Eigenvectors of a linear transformation
T are vectors which, under the action of T', are not moved out of the subspace they span.

That means that there is some number A\ for which
Tv = .

A is an eigenvalue of T and v is an eigenvector corresponding to .

Now consider matrices A with complex matrix elements a;;. Recall the adjoint of
A, A*, is the matrix with matrix elements aj;, that is, the complex conjugate of the transpose
of A. There is a class of matrices called normal which satisfy A*A = AA*. The importance
of normal matrices is that their eigenvectors can be chosen to give an orthonormal basis.
While the concept of a normal matrix is a bit abstract, for us it will be sufficient to note
that self-adjoint matrices, those for which A* = A, are normal. Thus any self-adjoint n x n

matrix has n orthonormal eigenvectors which can be used as a basis.
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Note that given a self-adjoint matrix A and eigenvectors by, bs, ..., b, chosen to be

orthonormal one can form the matrix U whose columns are the b;. Then one finds that

A 0 0 0
0 X O 0
UAU=| 0 0 A3 0
0O 0 0 ... X\,

where \; is the eigenvalue corresponding to b;. Further, U*U = I so that (Uv, Uw) = (v, w).

Given any vector v one has
n

vV = Z(bj,v> bj.

J=1

(b1, v)
Urv = :
(%

so that U*v is the vector of the coefficents of the expansion of v with respect to the basis of the
b;. Noting that U*(Av) = (U*AU)(U*V) one sees that U*AU is the matrix representation

of A with respect to the basis of eigenvectors b;.

Note that finding eigenvalues is equivalent to asking if there is any A with
(A —A)v=0.
In turn, this is possible only if the secular equation,
det(A — AI) =0,

is satisfied. In general this is an n'" degree polynomial equation for A which has at most n

roots.

Example 2.10: Consider the 2 x 2 matrix
1 -1
-1 2 )

1-=N2-X)—-1=X-3X+1=0

the secular equation is
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which has roots
3 V5
Ay = — = —.
T 97

To find eigenvectors we need to solve

(-4 2)-(5F
0 -1 2 0
(5,20
-1 ¥ )\

Although this is two equations they are not independent (since the determinant of the matrix

N

H o
o
N——
| S
7N
< 8
N———

is zero). It follows that

(—%ﬂFg)w—y:O-

The eigenvectors can be chosen to be

(15g) (557),

the first corresponding to A, the second to A_.

o

Example 2.11: The matrix
11
0 1
is a simple example of a 2 X 2 matrix which only has one linearly independent eigenvector.

The secular equation is

(1-X)?=0

so that there is only one eigenvalue, A = 1. The eigenvectors must satisfy

(50)(2) =)

so that b = 0. Thus all eigenvectors are of the form

(o)

which is, up to linear lindependence, one vector.
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Review of Calculus of Several Variables

Differentiation:

Derivatives of functions of one variable are straightforward to define:

Other notation for the derivative is f’(x). Note that the equation for the line tangent to the
graph y = f(z) at the point (a, f(a)) is

y = f(a) + f(a)(x —a).

For functions of several variables this definition won’t work since h would have to

be a vector and one can’t divide by vectors. What is straightforward to define are the partial
derivatives

Of _ iy F@ @i 2 A g, @) — fla, - Z0)
8333 h—0 h

Let f : R® — R™ be an m-dimensional vector. The 1-dimensional definition is

usually generalized by introducing an m x n matrix D f(x), depending on x, for which

Jim 76+ B) = 1) = D Gob| = 0.

If such a matrix exists, it turns out there can be only one, and D f(x) is called the derivative

of f. Note that the derivative matrix gives the best linear approximation to f about x.
Luckily, if the derivative of f exists at a point x,

ofr ofr

Ox1 T 0x,
Dfx)=1 : ...

Afm Ofm

Ox1 T Ox .,

The partial derivative matrix might exist even if the derivative does not, but we will not have

occasion to deal with such pathologies. Further, if they are continuous, then mixed partial
derivatives are equal:

o0 f B o0 f
8Ijaxk B c%ck&v]
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Note that if f: R™ — R then
Df(x)! =Vf.

Let f: R®™ — R™ and g : R* — R™ be functions. Recall the chain rule,

a%j (9(x) => or, O

2 Gy 460 o

In this matrix notation the chain rule has an appealing form. Recall the notation (fog)(x) =

f(g(x)). The chain rule becomes matrix multiplication,

D(f o g)(x) = Df(g9(x)) Dg(x).

Example 3.1: Consider a partical moving under the influence of a potential energy V(x).
Let x(t) be the curve describing the partical’s trajectory; ¢ is time. Recall that the force felt
by the partical is the gradient of V| F = VV while the velocity with which the partical moves

is v(t) = d’;—gt). The rate of change of potential energy with time is
oV (x(t)) dx(t)
) vV (x) - —2
ot vV =g
=F. v.

This last expression is known as the mechanical power gained by the partical.

Example 3.2: Let f: R"™ — R be a function of n variables. Let xg € R™. The direction
of Vf(xp) is the direction of greatest increase of f at xg. The level surface of f at x is
orthogonal to V f(xg). In particular, V f(x) is normal to the surface given by f(x) = 0.

To see this one need only consider the curve xg = xg + ds. Then

~

df (xo + ds) Y f(xo) 4.

ds ‘s:O -
Clearly this is maximal when d is in the same direction as V f(x), and is zero when d L V f(x).
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Example 3.3: The formalism of Thermodynamics consists of arcane notation for variants
of the chain rule. In the simplest situations three macroscopic quantities are used to specify
the state of a system: pressure P, temperature T and density p. In general an equation
connecting these three variables, called an equation of state, is either derived or inferred from

the microscopic properties of the system. The equation of state can generally be written
F(P,p,T)=0

for some function F. In the case of an ideal gas F(P,p,T) = P — pRT where R is the gas

constant (Boltzman’s constant divided by particle mass) and one has the familiar
P = pRT.

In particular, only two of the variables P, p, T are independent, however, one is free to decide
which. For example, in an ideal gas, if one decides that P and T should be the independent
. . . P
variables then p is given by #+.
It is common in thermodynamics to use a differential relation to express the equation
of state. Imagine that the state of the system varies with some parameter ¢t. Then through

the equation of state the derivatives of P, T' and p are related,

d OF dP  OF dT  OF dp
al el =t ora T oyt
= 0.

If, as an example, one decides that P and T should be the independent variables then p

becomes a function of P and T for which

dp G5 dP G5 dT

~ T 9F oF :
By the chain rule
oF
_op 9p
OF T jp
Op
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and
OF
_or _9
OF :
5 oT
In thermodynamics these equation are given the shorthand notation
dp op
dp = —) dP ) dT
P =8P )" T T
with
dp ) op
ap)r _ ~ oF
oP/T 5o
and
o)
) __or
oT/)p or -
P

In general, the notation %) means choose x and y as the independent variables, solve the
y

equation of state to express the remaining variable as a function of x and y, substitute into
f and then differentiate with respect to x. Of course, if one can explicitly solve the equation

of state there is no need to use these implicit relations. For the case of the ideal gas law one

finds
dp _dP dT
p P T
Now consider some quantity G(P, p,T), G might be the entropy or the total energy.
Then
d 0GdP 0GdI'  0Gdp
P,
al D) =gt ara T oy a
But df can be expressed in terms of Cﬁf; and ‘g as above, so that one has
d 0G  0G dp\ dP 0G  0G dp\dT
aeP T = )+ )@
7T =\gp+ 5, ap or " apor

generally written in the shorthand notation

dG = Z—IGD) dP +

oG
a:r) dT
with

§> )
oP)r — oP ' 9poP
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and
A
oT/p 0T = 0p OT’

In practice, one often solves for the dependent variable and substitutes into GG, obtaining a

new function of 2 variables, for example G(P, %, T'), which can be differentiated without the
chain rule.

A function which arises in Acoustics is the entropy
S=S(P,p,T).

Choosing P and p for the independent variables one has

P

Making the approximation that acoustic processes are isentropic (that is, occur without a
change in entropy) one has

P
S(P, p, R—p) = const .

This is now a relation between p and P. Solving, if one can, gives

p=f(P)
for some function f, or, if one prefers,
P =g(p)
for some function g.
The quantity
9'(po) = %>
8,00 S

arises in linear acoustics (Example 1.8) as the speed of sound squared. Note that

0
f(P) = a—g))>s

1
g (po)
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This quantity can be obtained without producing explicit functions g(p) or f(P). Note that
the ideal gas law implies that

1 1 1

—dP = —dp+ =dT.

P PRy

The chain rule gives

s = g—i)de n g—i)Pdp.

If the entropy is constant then any derivative of S is 0. In particular,

88)520_ 85) 8P>S+ 8S>P

p ~OP/pdp/s Op
so that
a8
@) __a_P>P
opls ﬁ) '
opr

he)

At this point one introduces the specific heats

P

ey = T%) _ T@) 6_>

oT/p OP/p0T/p
and

= Tg_;q’)zv - T%)P%)P'

Using the ideal gas law

oS
Cy Pa_P>p
and
_ @)
= p@p P
so that
3_P) Pey
opls  pey

Change of variables:

An important class of functions are the change of variables. These have n = m and

the determinant of their derivative matrix is non-zero. Let g be a change of variables. Then
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it can be shown that g is invertible. That is, for every x there is one y with z = g(y). y is

called g~—!(x) and
~1

D(g~")(x) = (Dg(y))
Thus, if we are concerned with some function f(x) for which (f o g)(y) is somehow simpler,
we can study f o g and invert back to f later. If m = 1, that is f : R™ — R, then the chain

rule gives

D(fog)(y)=Df(x)Dg(y)

091 991
8@/1 83/71
_ ( of of ) .
ox1 Oxp .
Bgn 8gn
ayl ayn
or, taking transposes,
_0_ 991 99n _9_
oY1 oy1 9y1 Oz
(feg)=1| + ... 2
0 391 6gn O

Often one sees this formula written in shorthand, setting x = ¢g(y) and writing

0 dzy Oxy, 9
Oy1 oy1 T Oy O,
o dx1. dzy 9

Oyn Oyn 7 Oyn Oy,

Further, since the matrix on the right is a function of y, one obtains a formula for the change

of variables in the gradient operator,

) dz1 9zp \ —1 , 8
ox1 oyr 7T Oui oy1
o Oz Ozp 9
Oxn, OYyn 77 OyYn OYn

Example 3.4: Spherical coordinates in 3-dimensions can be given by

x rsin 0 cos ¢
y | = | rsinfsing
z rcos 6
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The matrix of partial derivatives for this transformation is

oz Oz Oz . . .

or 80 9¢ sinfcos¢ rcosfcos¢ —rsinfsing
% % g—g = | sinfsin¢g rcosfsing rsinfcosqo
9z 0z 0Oz cos 0 —rsinf 0

or 00 ¢

and has determinant r?sinf. Note that this change of variables is singular at » = 0 and
sin@ = 0. The singularity at sin# = 0 is fairly benign, however, this change of variables does
introduce complications at r = 0.

To express the Cartesian gradient in spherical coordinates use the formula above:

= sin 0 cos ¢ sin 0 sin ¢ cosf \ ' /=
3% = | rcosfcos¢p rcosfsing —rsinf %
% —rsinfsing rsinfcos ¢ 0 %

sin 6 cos ¢ %cos@cosgb —% %

= | sinfsing = cosfsing % %

cos 6 —% sin 0 0 8%

or
2_ sin ¢ 2
00  rsinf 0¢’

9 = sin(9(zos<b2 + icosﬁcosqﬁ
Ox or r

0 cos¢p 0O

. ., 0 1 .
6_3/ = SIDHSIHQf)E + ;C08981n¢% + m%

28



Multi-Variable Calculus

and

0 o 1 . 0
& = COSQE — ;SIDQ%.

To compute the Laplace operator in spherical coordinates, substitute the above
expressions into A = aa—; + 88—;2 + g—;. After a somewhat long calculation, making sure to

use the product rule for differentiation (2 f(z):2 = %% +f (:1:)88—;2), one finds

02 20 1(18, 0 1 82>.

e +
or2  ror 1r?

ZoSinf— + —s 1
sing 90> 90 " sin? g 062 (3.1)

Two other important changes of variables are polar coordinates in R?,

and cylindrical coordinates in R3,

T 7 cos 0
y | = | rsind
z z
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Taylor expansions:

Taylor’s formula is one of the more useful tools around. In one dimension it reads

f(@) = fla) + @)@ — )+ 30" (@ = 0P + .+ fO @ =)+

The question of how many terms to keep in this sum depends on the application, as does
the choice of a. If the infinite series converges then f is said to be analytic at a. If f is not
analytic at a the series might still be useful. It often happens that, even though the entire

series diverges, the first few terms in the series are a reasonable approximation to f near a.

Example 3.5: Consider sinz. It turns out that sin is analytic for all . Even though sinx
is analytic about x = 0 so that the Taylor series for sinx about z = 0,

. - 2 : B 2n+1
S1n xr P —(2n T 1)' Z )

converges, if x is not very close to 0 one needs to keep a prohibitively large number of terms
to get a good approximation. In order to uniformly approximate sinx for some range of x
using relatively low order polynomials one needs to piece together different expansions about
different points.

Consider z € [0, 5]. About z = T it is

To get a good uniform approximation over this interval it suffices to use these two expansions

up to order 5. Between 0 and 7 use the expansion about 0. Between 7 and % use the

expansion about 7.

A convenient formula for the error in Taylor series is available. Write

S|
f@) =" " @)z~ a)" + En(f,a,2).
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The error £ is given by

1

ey A AR

En(f,a,x) =
where ¢ is unknown, but is between a and x. It is often possible to bound the derivatives of
a function over some interval, giving a bound on the error. For example, for all n,

d"™sin x
dx™

| <1

so that approximating sinz about 2 = 0 by an n*"" order Taylor polynomial incurs an error
no larger than

1
(N+ 1)! |:L“|N+1.

To obtain a Taylor expansion for functions of several variables one needs only apply

the one variable formula several times. In, say, 3 dimensions, first do a Taylor expansion in

x. The coefficients depend on y and z. Expand them in y, and then again in z. One obtains

N

Z 1 aj+k+nf

j'k"n' 8£lj'j aykazn r=a,y=b,z=c

flz,y,2) = (x—a)(y—b)*z—c)"+....

Jj+k+n=0

This formula gives us a way to look for local max and min for functions of several
variables. Again, at a local max or min the graph of the function must flatten out (think of
the top of a hill, at the very top you're neither climbing up nor down). Thus one must have
Vf = 0 (a max or min in any direction). To second order the Taylor expansion becomes

(setting a =b=c=0)

ﬂ‘ o f | 02 f |
X 1 X 8§2 0 8x28y 0 83:282 0 X
= . — o f o°f 92%f
f(xayaz) _f(0)+vf(0) Yy + 2 Yy 818y|0 8_y2|0 8y82|0 Yy + ..
z z 0% f o’ f o’ f Z
Ox0z ’0 8y8z|0 W‘O
The second derivative matrix
82_f| o f | O f
ox? 10 Oxdy 10 Oxdz 10
o’ f | ﬂ‘ o°f |
0xdy 10 dy2 1o Oyoz |0

o o'f 2*f
0x0z |0 Oydz ‘0 022 ‘O
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is symmetric and thus has three orthogonal eigenvectors with real eigenvalues. Let these
eigenvalues be A1, Ao and A3 and let the corresponding eigenvectors be v(1), v(2) and v(®),

Assume they are normalized. Then one can write

xr
y | = tlv(l) + t2v(2) + t3V(3)
z
where
T
t; = v . Y
z

Thus, if Vf(0) = 0, then
1 2 2 2
f(l', y7 Z) - f(O) + 5 </\1t1 + )\2t2 + >\3t3> .

If all the A\; > 0 one has a min. If all the A\; < 0 one has a max. If some A\; < 0 while
others are > 0 then one has a saddle, neither max nor min (like a mountain pass between

two peaks). If any of the A\; = 0 then it’s not clear what’s happening and one must do more.
Integration:

Integration of functions of one variable is relatively straightforward. The integral of
a function of one variable is defined geometrically to be the area between the graph of the
function and the z-axis, with a positive contribution from the part above the z-axis and a
negative contribution from the part below. Analytically, one has the Fundamental Theorem

of Calculus which says that derivatives and integrals undo each other,

| rwdt= @) - s
or
L[ o0y at = o)
— =g(x).
i) 9 g
Thus, integration of functions of one variable is reduced to guessing at anti-derivatives. Recall

that inverse to the chain rule one has the technique of substitution (one dimensional change

of variables),

b g~ (b)
/ f(x)dl:/ fl9w)) g (v)dy
a g~ 1(a)
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and inverse to the product rule one has integration by parts

b b
b
[ f@ @) de = @)@, - [ F@gle) da.
Numerically, efficient algorithms can be devised to estimate areas under curves.

Example 3.6: Integration by parts is sometimes usefull in generating asymptotic expansions
to integrals. A classic example is the Riemann-Lebesgue lemma which is the J = 1 version of
the following.

Let f: R — R be J times differentiable with the n*® derivatives |f(")| integrable
over R forn=0,1,2,...,J. Then necessarily f(")(:lzoo) = 0. Consider the large w behavior

of the Fourier transform of f,

~

1 > Twt
flw) = < / et

1 deiwt
iw dt

Noting that

eiwt _

and integrating by parts J times one finds that

£ -1)7 1 > iw
flw) = ((ZW))J 21 / F e dt
It follows that

=)
wivo-d LG

so that the Fourier transform goes to zero as w — oo at least as fast as w—lJ If J = oo then
the Fourier transform is said to go to zero “exponentially fact”. If J is finite and f does not
have an intrgrable J + 1 derivative then its Fourier transform decreases precisely as w% as

w — OQ.

Another example is provided by the large z asymptotic expansion for the integral

o0 2
/ e~ dt.
xT

42 1 de_t2
e = ——
2t dt

(related to the Error function)

Using
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and integrating by parts repeatedly one finds

/Ooe_tht— LS S T
v 2z 423 85 T

Integration of functions of several variables is a problem. For one thing, the possible
regions one can integrate over increases in complexity as the number of dimensions increases.
Further, the only analytical tool available is to transform an integral over several variables into
several integrals over one variable, and this can be done only for relatively simple functions
integrated over extremely simple domains. In addition, while numerical methods exist to
estimate integrals over several variables they are by no means as efficient as the one variable
algorithms.

To attempt to simplify integrals over several variables there are essentially only two
tricks available. The first is to use a change of variables, if one can be found, which either
simplifies the function which is being integrated or the domain over which one is integrating.

If g is an n-dimensional change of variables then

[ roo@a= [ (o) et (Daty)l .

Here g~'(D) is the set of points that gets mapped to D by g. The factor det (Dg(y)) is
known as the Jacobian determinant for the change of variables. Note the absolute value.

(Why is there no absolute value in the 1-dimensional case?)

Example 3.7: Let D be the 3-dimensional ball of radius R centered at the origin. Let q

be a vector in R? and consider

/ eT*dr dydz.
D

First, choose the coordinate system so that q is parallel to the z axis and let

0
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Thus q - x = gqz. Then change variables to spherical coordinates so that D becomes simple.

The points that get mapped to D in spherical coordinates are r € [0, R], # € [0,7] and

¢ €10,2m). Thus
27 ™ R
/ eT*drdydz = / / / e? 80 12 gin 0 dr df dop.
D o Jo Jo

The integral over ¢ can be done immediately. To do the integral over § make a one dimensional

change of variables n = cosfl. Then dn = —sinfdf and

2 pm R 1 R
/ / / ed" 89 12 gin O dr df dp = 2w / / eI 12 dr dn
o Jo Jo -1Jo
on (B

= — <eq"° — e_qr> rdr
4 Jo

= 27?[(52 — q%)eqR + <q£2 + q%)e‘qR].

The second tool is the n-dimensional generalization of the fundamental theorem of
calculus called Stoke’s theorem. In it’s general form it is deceptively complex and requires
a lot of mathematical machinery just to write down. This complexity arises both from the
variety of surfaces over which one can integrate in n dimensions as well as from the variety
of ways one can take a first derivative.

For our purposes it is sufficient to restrict our attention to two simple low dimen-
sional cases known as Stoke’s and Gauss’ theorem (classically, Stoke’s theorem was the low
dimensional case, when the generalization was found it was also called Stoke’s theorem).

For functions f : R? — R? there are two types of first derivatives of interest. The

divergence of f is a scalar given by

ofv | 0f2
Vif=—4—.
ox + oy
Similarly the curl is also a scalar given by
af2  Oh
f=—-—
VX ox oy

35



Multi-Variable Calculus

For functions f : R3® — R3 there are also two types of first derivatives of interest. The
divergence of f is a scalar given by

0fi  0fr  Ofs

V.f:(%c oy Oz

However the curlis a vector given by
9fs _ 0f>

oy 0z
Vst | 28 o

Oz Ox
Ofs _ 0f1
oz Oy
Both Stoke’s and Gauss’ theorem deal with functions of two or three variables.
Gauss’ theorem for functions of three variables is as follows: let V be a volume in R3 denote

by 0V the boundary of V and by n the outward pointing unit normal vector field to V.
Then if u: R? — R3 is a vector field

/V~ud3x:/ n-udo.
1% oV

Here do is the surface element on V. A general discussion of surface elements is beyond
the scope of this course. In general it is required to have a parameterization of the surface,
x(v,w), and a change of variables in a neighborhood of the surface from z, y, z to v, w, t
where t is the distance along the normal vector from the surface.

Finding a surface element is simplified if a change of variables can be found so that
the surface in question is obtained by holding one of the new variables constant. For example,
consider a sphere of radius R. In spherical coordinates this is a surface of constant r, r = R.

The volume element in spherical coordinates is
2 sin 6 df do dr.

Thus, the surface element to a sphere of radius R can be taken to be R?sin 6 df do.

Normal vectors are easier. Consider a surface given by an equation

f(x)=0.

Recall that Vf is a vector pointing in the direction in which f changes most rapidly. This

implies that V f is normal to the surface.
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Example 3.8: Consider a fluid. As before let p(x) and v(x) be the density and velocity at
point x. Then pv is the mass flux in the system. It gives the mass per unit area and time

transported in the direction of v. Given a volume V' the change in mass in V' is given by

2/ d?’ac:—/ pv -ndo.
ot Jv ov

That is, the change of mass in V' is negative of the rate at which mass enters or leaves V. By

Gauss’ theorem

/ pv-ndaz—/V-(pv)d?’x.
ov \%4

Since this must be true for any volume V' one can conclude that the equation of continuity,

9p _

5 =V (V)

must be true.

Stokes theorem relates the integral of the curl of a function over a surface to the

integral of the function over the boundary of the surface. Let S be a surface in R®. Then

/(qu)-ndaz/ u - dl.
S s

Here dl is the line element over the boundary 05 of S. Line elements are easier to handle
than surface elements. If x(¢) is a parameterization of a curve then the line element along

this curve is

dl = x'(t) dt.

An identity which follows from Gauss’ theorem and which is used often in Acoustics
is Green’s theorem. It is a 3-dimensional version of integration by parts. Let f and g be

functions on R3. Green’s theorem states that

/U(ng—gAf) B = /av (fvg—gi> -ndo.

37



Multi-Variable Calculus

It follows from Gauss’ theorem on noting that

JAg—gAf =V (ng - gi>.

Dirac delta function:

The Dirac delta function is not a function at all, but is useful notation for the linear

transformation which takes a function into it’s value at a given point, say w. The rule is

J, po0x = wyare = {0 ERET

Note that this is a linear operation. An integral with a delta function in it is easy, it’s not

an integral at all.

Example 3.9: Let f be continuous at y and let g be any family of functions satisfying

lim g (z) =
Elf(r)lg(x) 0

if x #0 and
/ ge(x)dr =1

— 00

for all e > 0. Then
i [ f(@)g.(o— v) do = 7o)

el0
In this sense

lim ge(z —y) = o(z —y).

Examples of such families are

_JO0 if|x]>e
ge() = 5 if |z <e

or
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Example 3.10: If f is continuous at y note that, ignoring the singularity at y = 0 and using

formal integration by parts,

Z/+€ d2
/ flx |:L’—y|dx—hm/ |x—y|d:v

d
~ f(y )hm—m—yum a=yte
=2f(y).
In this sense

d2
@’w—?ﬂ =24(x —y).

There is a subtlety under change of variables. Let g be a change of variables. Then,
taking the integral notation above seriously (even though d(x) is really nonsense) one has,

assuming that 0 € V,

[ seos e = [ flo)a(a)]det Dyl
= 7(0).

Thus we find that in order for this notation to be self-consistent we must have

5(g(y))|det Dg(y)| = 6(y — g~ "(0)).

One often sees this formula expressed by saying that under the change of variables g, d(x)

becomes

1 1
Gt Dy 0 ~9 @)

or even
1

|det Dg(g~1(0))]

5(y —g7(0)).

Unfortunately this doesn’t work if g is singular where it’s 0, that is, if

det Dg(g~'(0)) = 0.
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This is the case in polar coordinates where det Dg(r, 8, ¢) = r?sinf, and g~!(0) means r = 0.
In polar coordinates there are many ways to see what’s going on, but the simplest is to guess.

One wants
/ f(x)d(x)d"x = / f(rsin@cos ¢, rsinfsin ¢, rcosf) rsin @ §(x) dr df do
= f(0).
In 4(x) one expects a factor of T%, by analogy with the regular case, and clearly a factor of
d(r) is needed, but what does one do with # and ¢? The problem is that, at » = 0, 6 and ¢

make no difference. However, formally putting » = 0 in f and integrating over 6 and ¢ gives

the correct answer up to a factor of 4w. Thus, choosing

o(x) o(r)

472

seems to be a good guess. It turns out to be right.

Example 3.11: Here we show that in three dimensions

! = —4ni(x —y)

A =
Ix =yl

in the sense that if f is continuous at 0 then

Lo
/f(X)Amdw— dm f(y)-

First note that the shift of variables x — x —y is a change of variables whose partial

derivative matrix is the identity matrix

I =

O O =
O = O
= o O

Thus, under a shift of variables, partial derivatives don’t change. It follows that the formula
is true in general if it’s true for y = 0.
The representation of A in spherical coordinates developed in Example 3.4 is valid

everywhere except at r = 0. For r # 0 it shows that

1

Il

0.
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Thus only r = 0 can contribute to this integral. To see what’s happening at » = 0 integrate
over a small ball of radius € centered at x = 0, B, and then let ¢ | 0. Since f is continuous

at 0 it approaches f(0) and can be replaced by f(0) in the integral. One has from Gauss’

theorem . .
/ A— d?’x:/ n- (V—)da
s X OB [BS|
27 T
=— / sin 6 df d¢
0 0
= —4rr.
Here, that
0
n- V = E

on the surface of a sphere, is used.
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Review of Complex Analysis

The set of complex numbers, C, is a 2-dimensional vector space over R with, in
addition to the vector space structure, a multiplication defined. The standard basis for C is
the set {1,i} where 1 is the real number and i is anything whose square is —1, i2 = —1. Any
complex number can be written as a linear combination x 4 iy where x and y are real. Given
z = x + 1y, x is called the real part of z, = Re z, and y the imaginary part, y = Im z. The

complex conjugate of z is z = x — 1y.

Taking seriously the representation of complex numbers as 2-dimensional vectors
over R and representing them graphically using the real part as the x component and the

imaginary part as the y component one sees that |z| defined by
12> = 22
is the Euclidean norm \/m . In polar coordinates z = = + iy becomes
z =|z|(cos @ + isinf)

where 6 is the angle between the z-axis and the vector (z,y). It is a fact, known as DeMoivre’s
Theorem that

e = cosf + isinf. (4.1)

This can be seen as a definition of the complex exponential once one has checked that it has

all the desired properties. There are many ways to do this. The easiest is to note that

dilg(cosO—kisinQ) = i(cosf + isinb),
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as one expects from e, and, setting # = 0 one obtains 1, also as expected.

Example 4.1: The set of 2 x 2 antisymmetric matrices with real matrix elements and equal

diagonal elements is algebraically identical to the set of complex numbers. Such a matrix is

(o))

for real z and y. This is a 2-dimensional vector space over R with a basis given by
10 0 —1
0 1) \1 0 )
0 -1 0O -1\_ (10
1 0 1 0 ) 0 1

_01> acts like 3.

of the form

Note that

0
1
Many interesting conclusions can be drawn from this representation. For example,

so that (

note that multiplying a complex number z by e rotates the vector representing z through

£i0 _ cosf) —sind
~ \sinf cos#

is the matrix which rotates 2-dimensional vectors through an angle 6.

an angle 0. It follows that

Functions, f: C — C, given by

flz +iy) = u(z,y) +iv(z,y)

are really functions from R? — R? given by

(%

ren=(3en)

This leads to some subtleties when one tries to speak of differentiation. On the one hand,

—~ o~

one would like the derivative of f to be a complex valued function f’. On the other, the
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derivative of F' is a 2 x 2 matrix given by the partial derivative matrix. The condition that
these two notions be identical leads to the notion of an analytic function as follows.
Note that multiplication by a complex number a + b is linear and induces a linear

transformation of R2. Explicitly

(@ +1ib)(z +iy) = ax — by + i(ay + bx)

(i) =0 )06

A function f = u+iv: C — C is said to be analytic if the derivative matrix of the associated

is the same as

function from R? — R? corresponds, as a linear transformation, to multiplication by a

ou  du
_ ox oy

o= (% %)
ox oy

(5 )

for some numbers a and b then f = w + iv is analytic. The Cauchy-Riemann Equations for

complex number. Explicitly, if

an analytic function follow immediately:

Ju  Ov
or oy
and
ou  Ov
~7 =5 =
The derivative of f is then defined to be
f'=a+ib.

Analyticity (or complex differentiability) turns out to be a very strong condition,
much more restrictive than ordinary differentiability. Analytic functions are extremely regular
in their behavior. It turns out that if a function f is analytic at some point, say w € C, then
f is infinitely differentiable at w and the Taylor series for f about w converges (this is often
taken as an alternative definition of analyticity). In fact the radius of convergence of the
Taylor expansion is the distance from w to the closest point of non-analyticity. For example,
the expansion 1 .

_ 1)y
T (=1)"z

n=0

converges for all z with |z| < 1.
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Example 4.2: A function f is analytic if it is complex differentiable. Checking for complex
differentiability amounts to checking that the Cauchy-Riemann equations hold. This is often

straightforward, although sometimes checking that the Taylor series converges is easier. That
et = e ( cosy + isin y)

is analytic everywhere follows easily from the Cauchy-Riemann equations. That any polyno-
mial

p(2) =ag+ a1z +asz® + ... +a,2"

is analytic everywhere follows since p(z) is its own Taylor series and, since it is a finite sum,
converges everywhere. If j < 0 the function 27 is analytic everywhere except at z = 0 where
it’s not differentiable and if 5 > 0 but is not an integer then 2/ is also analytic everywhere
except at z = 0, although if j > 1 the reason is subtle (see below).

The Cauchy-Riemann equations show that the function f(z) = z, complex conjuga-

tion, is not analytic anywhere. Neither is any polynomial in Z.

Complex integration is also more involved than real integration since it is an essen-
tially 2-dimensional concept and necessarily involves integration over curves. Let I' be some
curve in C. In order to integrate a function f over I' one needs a parameterization of I', that
is a function w : [a,b] — C whose image is I'. Then

b

/ f(z)dz = / f(w(t)) w'(t) dt.

r a
Clearly, given a geometric curve I' there are many ways to parameterize it. For example, the
circle of radius r centered at 0 can be parameterized by w(t) = re® for t € [0, 27| as well as
by w(t) =t 4+ ivr2 —t2 for t € [0,7], or even w(t) = rt* for t € [1,e>"]. However, one can
show that the integral over I is independent of what function w(t) is used to parameterize
it. Note as well that there are no subtleties involved with w’ since w is a function (or in fact

two real valued functions) of one variable.
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A great aid in integrating analytic functions is Clauchy’s Theorem which is a direct
application of Gauss’ theorem to the real and imaginary parts of fw’. Consider a region S.
Then Cauchy’s theorem can be stated as

f(z)dz=0 (4.2)
s

if f is analytic in S. The reason is simple. Let f = u + v and w(t) = z(t) + iy(t) be a

parameterization of 05. Then

fw' = ux’ — vy +i(uy’ + va')

so that
=] ( {fé’éi;,yéii%) ((;"’15)8) e | (o) (540)
:/ - -dl—i—i/ )l
o oS oS

x’(t)>
dl = dt
(y’(t)
is a line element along 05. Gauss’ law implies that
/ (“)m:/v.(“)d%
as \ 7V S v

du 9
- [ G5

L)L ()

:/9<%+%> d*z.

However, if f is analytic then w and v satisfy the Cauchy-Riemann equations which state

and that

that the integrands in the two expressions above are 0.

An immediate consequence of Cauchy’s theorem is the notion of path independence.
Let f: C — C and let I'y and I'y be different curves in C, open or closed, for which either
curve may be continuously deformed into the other without encountering any point at which

f is not analytic. In particular, I'y and I's enclose a region in which f is analytic. Then
f(z)dz = f(z)dz.
Fl 1—‘2
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P

In the figures above two situations are depicted. In one the points z; and z5 are
connected by two dinstinct paths. The region S is the interior of the closed curve formed
by the union of I'y and I's. In the other both curves I'; are closed, but one is contained in
the interior of the other. The region S is the annular region between the two curves. The
orientation of the boundary 0S is determined by the convention that the outward pointing
normal n and the tangent t have the orientation of X and ¥ respectivlely. The orientations
of the curves I'; are indicated with arrow heads. Note that the orientations of the I'; and S

need not coincide.

Example 4.3: Since Ze;:l is analytic in the upper half-plane one may, for any R > 0, replace
the integral over [—R, R] (the contour I'; in the figure above) by the integral over the semi-
circle of radius R (the contour I'y in the figure above). Parameterizing the semi-circle with

Re" and then letting R — oo one has

. 67,9

0o iz -R el 0 ezR ) 0 iz
/ -dr = lim [/ ,d$+/ —,iRe”%l@—i—/ .dx}
o T+ Roool ) o x4+ - Re? +1i R TH+i

=0.

Note that this argument requires that the integrand decrease more rapidly with increasing R

than R~1.
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(2

An immediate consequence of path independence is the Calculus of Residues: Let
S be a region in which f is analytic everywhere except at an isolated point w in the interior

of S. Let C.(w) be the circle of radius € centered at w. Then

f(2)dz = lim f(z)d=.
as L0 Je, (w)
The quantity
1 € 2 L
. 1 d — 1 - 1t 1t dt
i W08 o, T W 0 ), TL e

if it exists, is called the residue of f at w and will be denoted by Res(f,w).

Example 4.4: Using the calculus of residues the integral

00 X
[
feo TP+ 1

can be calculated with very little effort. Let Sk be that part of the disk of radius R which is

2241

in the upper half plane. Since has isolated singularities at z = 41

etz eiz
/ 2+1clz:2m'Res( J0).
Sr ?

But

) etz [e'e} 673:U
lim 5 z = — dx
R—oo g 27+ 1 0o T2+ 1

so that

oo e e?
/Oo mdm = 27mRes(22 n 1,2)

27 ei(i—l—ee“) )
= lim ez / . ‘ et dt
o Jo (i+eet)24+1
1 27
= — dt
26 0
T

e
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To get from the second to the third lines in this last expression the integrand was expanded

in series in € using
U 1 .
ez(z—i—ee t) — oo (1 + Eezt + .. )
e
and
1 B 1
(i +eeit)2 41 2geeit + e2¢2it
1 1 .
S ey )
2ieet ( 266 *

and noting that all but the first terms vanish in the limit € | 0.

Consider a function f which has non-analytic (to be called singular) behavior at
an isolated point w. There are three possibilities. w is either a pole, a branch point or an
essential singularity.

A function f has a pole at z = w if there is some m € {1,2,3,...} for which
(x —w)™ f(2) is analytic at w. The smallest such m is called the order of the pole. A pole is

thus a singularity of the form
const

(z —w)™

f(z) ~

for some positive integer n. The integer m is the order of the pole. If m = 1 the pole is said
to be simple. Functions which have poles in some region S but are otherwise analytic in S

are said to be meromorphic in S. The function

14 2—322
(z—1)2

is meromorphic in C with a pole of order 2 at 1. The function

1

sin z

is meromorphic in C with simple poles at m7 for any integer m. Similarly tan z has simple

poles at (m + %)77 for any integer m. The function

z2+1
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has simple poles at =+:.

A branch point is a point around which a function is multivalued. These typically
arise with inverse functions when there isn’t a unique inverse. The simplest example is the
square root. Any number w # 0 has two square roots. Explicitly, given z with 22 = w
the number —z also satisfies (—2)2 = w. Thus, in defining a square root a choice must be
made. In R one generally chooses J/ to be the positive square root. In C things are more
subtle and there are many more possible choices. Note that this structure collapses at 0 since
—0 = 0, so V0 is unique. If z = |z|e’® then the two possible square roots of z are |z|2ez?
and |z|2e¢™ 2%, Here |2|2 is the positive root of |z|. Choose the first and follow a path which
surrounds 0 and comes back to z. The simplest is a circle of radius |z|. After going around
once ¢ has increased by 27 which means the first square root has changed to the second.

The canonical example of a multivalued function is the natural logarithm, In z. The

defining relation for the natural logarithm is

But this equation does not have a unique solution: any integer multiple of 27¢ can be added
to In z since

2mmi+lnz 2m7rieln z

€ =€ = Z.

Thus, there are an infinite number of natural logarithms, all differing by integer multiples of

2mi. Again, the point at which this degenerates is 0. Note that if
In(|z|e’®) = In |z| + i¢

then traversing a circle around 0 adds 27 to the logarithm.

Essential singularities are isolated singularities which are neither poles nor branch
points. An example is ez at z = 0. Essential singularities are as messy they get. We won’t
encounter them often.

For functions with poles there is an extension of the notion of a Taylor expansion

called a Laurent expansion. Explicitly, given a function f with a pole of order m at w one
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can write
f2)= ) an(z—w)"
e (4.3)
_ O0-m A—m+1 a—1 _ Y
_(Z—w)m+(z—w)m—1+"'+Z_w+a0+a1(z w) +az(z —w)* + ...

for z sufficiently close to w. A Laurent expansion gives complete information about the

behavior of f near w. In particular, for z very close to w one can approximate f(z) by

Gz w)m

fz) =

The coefficients a,, can be determined using the formula

27
/ (z —w)"dz = ie" T / ettt gy
Ce(w) 0

= 2700y, —1
where ;1 is 1 if j = k and 0 if j # k. Thus
ap = L (w—2)""" f(2)dz. (4.4)
21 J e, (w)
Note that
a_1 = Res(f,w).

Although formula (4.4) for a, works fine, in practice it is often easier to note that (z —

w)™ f(z) is analytic at w and Taylor expand it. Then a,, is the (n + m)®™ Taylor coefficient
of (z —w)™ f(2),

1 dn+m m
(n+m)! dzntm (z = w)" f(2)

an =
zZ=w

Example 4.5: Rather than using either of the above formulae to find the coefficients a,,

it’s often easier to just expand. The first few terms of the Laurent series about 0 for

1 B 1
ez—l_z—i—%zQ—l—%z?’—l—...
1 1
=7 1 1.2
1(1 1 +1 2, )
=—(1— =2+ —2
z 2 12
1 1+1 i
=3 122
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If In z is chosen so that In1 = 0 the first few terms of the Laurent series about 1 for

1 1

Inz In(l+(z-1))
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Linear Ordinary Differential Equations

The most general inhomogeneous n' order linear ordinary differential equation may
be written

) g a0

( dr dr—1 +...+ ao(x)>f(x) = g(z). (5.1)

Here g is known. It turns out that to solve this equation it is necessary to have completely
solved the equation with g = 0. We will thus begin with

dr dn—l
(2060 o + 010 s

T ag(x)>f(:c) —0. (5.2)

(5.2) is a homogeneous equation.
We’ve already seen two things: there are in general many solutions to a linear ODE
and linear combinations of solutions are also solutions. The immediate problem is to write

down a general form for the solutions of the equation.
Regular Points:

A regular point for (5.2) is a point at which the a;(z) are all continuous and a,, # 0.
The basic fact about linear ODEs is that at regular points a there is a unique solution f with
prescribed values of f(a), f'(a), ..., f*V(a). Thus, given any n numbers ag, oy, ..., Q1
and given any regular point a there is a solution whose first n — 1 derivatives at a are the «;.
Since any solution obviously has n — 1 derivatives at a there is a one to one correspondence
between the set of n independent numbers, in other words R™ or C", and the set of solutions
to the linear ODE.

Imagine that we have somehow produced n linearly independent solutions of (5.2),

fi, fo, .., fn. Then the linear combinations

f=afitecfe+...+tenfn (5.3)

are all solutions. The set of all such combinations is an n-dimensional vector space. In other
words, the general such linear combination has n free parameters. One can hope that by
choosing these parameters correctly one can give f whatever n — 1 derivatives one wants at

a prescribed point a. (To see that this is possible choose the fi so that f,gj)(a) = 0k, j+1 SO
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that ¢, = agy1. Any other choice for the fi amounts to a change of basis.) Thus, in order to
completely solve an n'" order linear ODE it is sufficient to produce n linearly independent

solutions.

Example 5.1: Fortunately (or perhaps intentionally) one of the most commonly used

equations in applications is the simplest: the 1-dimensional Helmholtz equation

(d—2 + k%) f(z) = 0.

dx?

This equation is a linear ODE which is regular on all of R. The general solution may be

written

f(x) = c1coskx + cosin k.

(0
Note that ¢; = f(0) and ¢y = fT()
Linear superposition is not the only way to parameterize solutions to linear equa-
tions. A common parameterization of solutions to the 1-dimensional Helmholtz equation
is

f(x) = Acos(kx — ¢).
Here A and the phase ¢ are the parameters. One can easily show that
A=+ c2
and

c
tan ¢ = 2.
C1

Example 5.2: Consider time harmonic solutions of the 1-dimensional bending equation,

u(zx,t) = f(x)sin(wt).

With the notation k = \/E w one has
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The four solutions cos(vk ), sin(vk z), cosh(vk z) and sinh(vE z) are clearly linearly
independent since no combination of trigonometric and hyperbolic functions of a real variable

can be zero everywhere. Thus
f(@) = e1cos(VE ) + casin(VE ) + c3 cosh(VE z) + ¢4 sinh(Vk ).

Imagine that the rod is subjected to a periodic stress at x = 0 in such a way that
the deflection at 0, «yg, is negative the amount of bending oy = —agp. Assume further that

the second and third derivatives, ao and ag, are 0 at x = 0. Then

1 0 1 0 1 1
0 k= 0 k2 Co -1
—k 0 k 0 C3 0
0 —k3 0 k2 ca 0

This system is most easily solved directly (without trying to invert the matrix). One finds

_ _ _ ao _ _ _«ag
€3 =C1,C4 = C, 1 = P and cp = VR Thus

sin(vVk z) + sinh(vVk x))

f(z) = %(cos(\/g ) + cosh(Vk x) — 7

The fact that a solution is completely determined by it’s 0" through (n — 1)
derivatives at one point allows one to study models in which different differential equations
are solved in different regions. If the model is L1 f = 0 for z < a and Lof = 0 for z > a
the way to proceed is to find the general solution to L;f; = 0 and the general solution to

Lo fo = 0 and then impose the constraint that
(a) = £ (a)
for j=0,1,...,n— 1.

Example 5.3: Consider a model in which f satisfies 1-dimensional Helmholtz equations

with different values of k£ for z > 0 and = < 0:

@2f _[—k2f fz<0
de2 | —kif ifz>0.
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For x < 0 one has

f(x) = ay cos(k_x) 4+ ag sin(k_x)

and for > 0
f(x) = by cos(kyx) + bysin(kyx).
At £ = 0 we must have
ap = bl
and

k_CLQ = k‘+b2.

Thus the general solution may be written

fla) = { ay cos(k_x) + ag_sin(k;,x) ifz<0

ay cos(kyx) + Z—+a2 sin(kyz) ifz > 0.

The set of equations f)(a) = o is a set of n linear equations for the coefficients

cr. Explicitly

file)  fala) ful@) \ /e a0
fil) fla) i@ (e (| o
@) @) e 1@ e o1

This equation has a solution for any choice of the o; only if the matrix on the left is invertible.
One can conclude that the following statements are equivalent:

i) Any solution of (5.2) may be written in the form (5.3).

ii) The f; are n linearly independent solutions of (5.2).

iii) The f; are solutions of (5.2) for which the determinant

8w
Wifiyoo fa) =det | o "
7@ V@) e £ V() (5.4)

£0
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for any a. The determinant in (5.4) is known as the Wronskian of fi, ..., fn.

In general, producing n linearly independent solutions to an n'® order ODE can be
extremely difficult if n > 1. Often one needs to resort to numerical procedures. As a rule
the difficulty increases with n. However, most of the problems we will encounter are second
order.

The most general second order linear ODE is

<a2( )dd2 + a1 (z )%4—&0(3:))]”(3:):0.

As indicated we restrict ourselves to x for which as # 0. Thus we can divide by as writing

the equation

(5 +p(@) 5+ () f() = 0 (55

with obvious definitions of p and ¢. The Wronskian of two functions has a simple form

W(f1, f2) = fifs — f1fe-

If f; and fo are solutions of (5.2) then one finds by direct calculation that

(% +P>W(f1,f2) =0

This first order equation can be solved immediately giving Abel’s identity

W(f1, fo) = Ke ] P

where K is a constant. In particular, to determine W( f1, f2) one need only find K, and this
can be done at any point x. Further, since e” is never 0, f; and f, are linearly independent
solutions if their Wronskian is non-zero anywhere.

Given one solution to a second order linear ODE a second solution can be constructed
using the method called reduction of order. Let fi; be a solution of (5.5). We will look for
another solution of the form

fa2=ufi

and will obtain an equation for u by substituting f2 into (5.5). One obtains

(da:Q T2 %“’)d >“:O'
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This is a first order equation for «’ which can be solved immediately,

1 _
v = const ——e Jpdz

(f1)?

The constant is uninteresting and can be set to 1.

A final comment about regular points. If the coefficients a;(z) are analytic at x
then it turns out that the solutions f are analytic at = as well. (Note that this holds for the
solutions of the Euler equations of Example 5.5 except at = = 0.) Since the solutions are

analytic at any regular point they have convergent Taylor expansions about regular points.

Example 5.4: Consider a linear second order ODE with analytic coefficients. Let a be a
regular point. Then the Taylor expansions of the solutions can be obtained directly from the
differential equation as follows. Write the equation in the form (5.5) and expand everything

in sight in a Taylor expansion about a:

px) = pilz—a),
§=0
g(z) =) qj(x —a)
§=0
and -
fl@)=>cj(x—a)
§=0
Then
2 o o0 (e ) )
(ﬁ + z_:pk(ac —a) g —I—mEZ:qu(x — a)m> jZOCj(x —a)! =0
from which it follows that
(G+2)G+Depra+ Y. (m+ Demppe +cmar ) | (@ —a)? = 0.
j=0 k+m=j

In order for a power series to be 0 each coefficient must be 0. Thus
G426+ Deprat Yo ((m+ Dewmpaps +eman) = 0.
k+m=j
At j = 0 one has

2co + c1po + coqo = 0.
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Note that cs can be expressed as a function of ¢y and ¢;

_ PoC1 + goCo

Cy = 5

At j =1,
6c3 + 2c2po + c1(qo + p1) + coqr =0
giving cg as a function of ¢y and ¢4,

(90 +p1 = pd)er + (@1 — pogo)co
G .

C3 =

Ultimately, all the Taylor coefficients ¢; can be expressed as some combination of the p; and
q; times ¢y plus some other combination of the p; and g; times ¢;, determining the solutions
up to two free parameters, ¢y and c;.

Note that the solution with f(0) = 1 and f’(0) = 0, call it fi(x), is obtained by
setting ¢p = 1 and ¢; = 0 while the solution with f(0) = 0 and f/(0) = 1, call it fo(x) is

obtained by setting ¢p = 0 and ¢; = 1. Then

f(@) = co fi(z) + 1 fal).

Of course the expressions for ¢; generally get more complicated as j increases. As a
general technique, this approach is useful only for obtaining the first few terms in the Taylor

expansions of f. There are, however, special cases. One classic example is Airy’s equation,

<d_2 - x)f(:n) = 0. (5.6)

One finds that
(I +2)(+ )42 —cjm1 =0

for j > 0 and 2c; = 0 for j = 0. This is a fairly simple recursion relation. Note that it relates
coefficients c3; to c3;j_3, c3j41 to c3j_2 and c3j42 to c3;—1. One finds, working from j = 1

out, that
1

T BB - DG - 3G -4 G)R)
1
ST B+ 1)(35)(35 — 2)(35 — 3) ... (4)(3)

99

Co,

C1



Linear O.D.E.

and

C3j4+2 = 0.
Thus we have produced two linearly independent solutions to Airy’s equation: one by choosing
co=1and ¢ =0,

1

6
t9.865.3.2°

9 .« s .
3.9 6-5.3-2° o

and another by choosing ¢j =0 and ¢; =1,

1, 1
h@) =2+ aatt o

1

10 ..
10.9.7.6.4.3°

T+

Regular Singular Points:

If ay(a) = 0 in (5.2) then a is a singular point. We will restrict our attention to
second order equations. In the form (5.5) a singular point x is a point at which p and ¢ diverge.
Loosely put, regular singular points are points at which the divergence of p is first order and
the divergence of ¢ is second order. We begin with an example which is characteristic of and

neccesary for the whole theory.

Example 5.5: A class of exactly solvable linear ODEs are the Euler equations,
2

d d
2

Note that at = 0 the coefficient of % is 0 and the basic facts quoted above don’t apply.

x = 0 is said to be a singular point for these equations. For z # 0 we can expect that all

solutions can be built from linear combinations of any two linearly independent solutions.
Try the form f(z) = 2". Then
ar(r—1)+br4+c=0

so that we find

a—b+/(a—0b)?—4ac
2a '

r =
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Thus, if (a — b)? — 4ac # 0 two solutions have been produced,

a—b++/(a—b)2 —4ac
2a

filz) ==

and

a—b—1/(a—b)2 —4dac
f2 =X 2a .

If (a — b)? — 4ac = 0 only one solution

where

Thus we may choose

fo(z) = 2% Ing

and the general solution can be written
f(z) = xa2__ab(cl +coInz).

Note that even though the coefficient of % is 0 at x = 0 one can obtain solutions

for all = # 0. Note that there are always solutions which are singular at z = 0.

The general approach will be the same as taken for the Euler equations of
Example 5.5: solve the equations near, but not at a, and see how they behave as x ap-
proaches a. We saw for the Euler equations that there is a variety of possible behavior:

solutions can have poles or branch points at singular points or can be regular.

61



Linear O.D.E.

Example 5.6: Unfortunately singular ODEs arise often in applications. Consider the

3-dimensional Helmholtz equation
(a+12)w =0

In a homework problem you are asked to transform the Laplacian into cylindrical coordinates
obtaining
2 10 106 9

A — 12 4 - = 4+ = 5.7
8r2+r8r+7’2 8¢2+8z2 (5:7)
In this coordinate system the Helmholtz equation is separable in the sense that solutions in

the form of a product
U(r,¢,2) = R(r)®(¢)Z(z)

can be found, reducing a PDE to three ODEs. In fact, setting ®(¢) = e!™? and Z(z) = e'k=*
one finds that
( d? 1d m?

St kz+k;)R(r) 0. (5.8)

This equation is singular at r = 0.

In Example 3.4 the Laplacian was expressed in spherical coordinates, (3.1). Again,

the Helmholtz equation is separable in this coordinate system. Setting
U(r,0,¢) = R(r)0(0)®(¢)

one obtains solutions if ®(¢) = e™?,

1 d . d m?
(ma@ e TR 9)6(0) = -1+ 1)6(0) (5.9)

and then

2 2d 1(+1)
—_—t - — ——— 1+ k°|R =0. 5.10
(dr2 + rdr r2 + ) (r) ( )

Equation (5.9) is singular at # = 0 and 6 = 7. Equation (5.10) is singular at » = 0. The
choice of (I 4+ 1) as separation parameter in (5.9) turns out to be convenient.

Equations (5.8), (5.9) and (5.10) will have to be dealt with in detail in this course.
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A singular point a of a second order linear ODE (5.5) is said to be a regular singular
point if p and ¢ are both meromorphic with a pole at a of order no larger than 1 for p and 2

for q. It follows that, for x close enough to a,
! 9
p(z) = o _q Do +pi(r—a)+pa(x—a)*+...

and

42 q-1 2
q(z) = (x_a)Q+x_a+qo+q1(:1:—a)+qz(x—a) +....

To understand the behavior of solutions to (5.5) as x approaches a it seems reason-

able to approximate p and ¢ by their most divergent terms,

and

42
q(ZL’) ~ (IB _a)Q'

Substituting these approximations into (5.5) and shifting variables so that a = 0 one obtains

an Kuler equation

> pid  qoo
SRR A ~ 0.
(da:2 + Tz dx + 2 )f(x)

Thus, it seems reasonable to expect that the behavior, as x approaches a regular singular
point, of the correct solution f is similar to the behavior of the related Euler equation.

Recalling Example 5.5 this behavior is (x — a)” where r satisfies the indicial equation
r(r—1)+p_1r+q_2=0.

The facts are as follows. Let r; and 75 be the roots of the indicial equation. Assume
that 71 > 75 and set ¢« = 0. Then
i) If 1 — ro is not an integer then there are analytic functions g; and g2 so that g1(0) =
92(0) =1 and
fi(@) =" g1(z)
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fo(x) =2 g2()

are linearly independent solutions.

ii) If 1 = ro then there are analytic functions g; and g2 so that g1(0) = ¢g2(0) = 1 and
fi(z) = 2" g1()

fa(z) = fi(x)Inz + 2™ ga(z)

are linearly independent solutions.
iii) If 7y — 7 is a positive integer then there are analytic functions g; and g; and a constant
¢ so that g1(0) = g2(0) = 1 and

fi(z) = 2™ gi(z)

fa(z) = c fi(z) Inx + 2" g2(x)

are linearly independent solutions.

The Taylor coefficients of the g; and the constant ¢ can be determined by substituting
into the differential equation as in Example 5.4. The procedure is tedious but straightforward.
However, the Taylor expansion of the g; is not very interesting. What is important about

these results is that the nature of the solutions singularities is made explicit:

fl(a:):x“<1+a1x+...>

and

fa(z) = cfi(x) 1n:U+:cT2<1 +b1x+...)

for some coefficients a;, b; and c. In case (i) ¢ = 0 and in case (ii) ¢ = 1.

Example 5.7: Bessel’s differential equation is
2

d? 1d m
i | = 0. A1
(d:c2 + rdr  x? + >f(a:) 0 (5.11)

Choose m > 0. The solutions of this equation are known as Bessel functions. Note that if f

is a solution to Bessel’s equation then
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is a solution to the radial part of the Helmholtz equation in cylindrical coordinates, (5.8).
Note that there is no apriori restriction on the sign of k? — k2.

Bessel’s equation is singular at 0 with

and

The indicial equation is

Thus r{ = m and r = —m.

The nature of the solutions depends on m. The case of interest for the Helmholtz
equation is m = 0,1,2,.... There is always a solution which is regular at 0, the f; given
above. The standard notation for this solution is .J,,(x) and is called the Bessel function of

order m of the first type. It is generally chosen so that

1 m
Im(z) = %(g) <1—|—clx—i—62x2—|—...>.

The second solution which arises from the analysis above, the fs, is called the m' order
Bessel function of the second type and is denoted by Y;,(z) (although notation varies: Morse

and Ingard call it N,,). It is generally chosen so that,

(m—1)! x

2 —m
Yo (z) = ;Jm(a:)lna:— (5) <1+d1x+d2x2—|—...>.

™

The coefficients c¢; are determined by substituting into the differential equation and setting
the coefficients of the different powers of x equal to 0, beginning with the lowest power and
working out. The d; are more subtle since adding any multiple of .J,, to Y,, doesn’t effect
the stated properties of Y,,: Y,, + ¢J,, is a solution to Bessel’s equation which diverges as
x — 0 in the same way that Y;, does. Note that this has no effect on the coefficients d; until
J = 2m (see problem 24).

Note that, up to a multiplicative constant, J,,, is the only solution which is finite at
x = 0. Further, for m > 0 the solution Y,,, diverges like a%m and for m = 0 like Inx. J,, is
analytic while Y,,,, because of the natural logarithm, is multivalued with a branch point at

x = 0.
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Example 5.8: Now consider (5.10). Solutions to this equation can be given by

R(r) = f(kr)

where f satisfies

(j—; + %% = l(l; D, 1>f(m) = 0. (5.12)

Solutions to (5.12) are sometimes called spherical Bessel functions. This equation has a

regular singular point at x = 0. The indicial equation is
O=r(r—1)+2r—1I(l+1)
= —=0r+1+1).
Thus, r1 = [ and 7 = —I — 1. It follows that there is a one solution (up to an overall

multiplicative constant) which behaves like 2! as x — 0. It is generally given as

oL

) = =) @)

<1—|—a1x—|—a2x2—i—...>.

Any other solution which is linearly independent of j; must diverge as x — 0, behaving like
x~'=1. Further, this second solution might also have a logarithmic divergence and thus be
multi-valued about 0 since 71 — ro = 2]l + 1 is an integer. In this case, however, we turn out
to be lucky: there is no logarithmic term (the coefficient ¢ in case (iii) turns out to be 0). A

standard choice is

y(x) = — (21 + 1)(2;;? - B)(W) <1 +byx 4 box® 4 ... )

Note that replacing « by —z in (5.12) doesn’t change the differential equation. Thus

l

ji(—x) and y;(—x) are solutions as well. But j;(—x) ~ z* as x — 0 implying that j;(z) and

ji(—x) are linearly dependent, which means that they are proportional to each other. Thus

CL‘l

QI+ D —1)---3)1)

<1+a1:c—|—a2:c2+...>

zt

= const (—1)' 2+ D)2 —1)---B)(1)

(1—a1x—l—a2:1;2—1—...).
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This is only possible if const = (—1)! and 0 =a; =az3 =as = ... .
For y; the situation is a bit more subtle and depends on the choice of y;. One can
add factors of j; to y; without effecting the behavior of y; at 0. Further, since y;(—x) is also

a solution which diverges like # at 0, the best one can say is that

yi (=) = cryi(w) + cai(x).

However, one can insist that y;(—xz) = (—1)*1y;(x) since if this were not the case for y; one
could choose y;(x) + (—1)*1y;(—x) as the second solution. Thus, with this choice for y;,
0 =b; = b3 =b; =.... The coefficients as and by can now be determined by substituting

into the differential equation.

Large = Asymptotics:

We’ve seen how to estimate the local behavior of solutions to second order linear
ODEs at regular points and in the neighborhood of a regular singular point. We saw that near
a regular point the solutions don’t behave in any spectacular way in the sense that nothing
particular stands out. The solutions are analytic and, if we want, we can generate their Taylor
expansions. Near a singular point, on the other hand, the solutions can be singular. We can
find the precise form of the singular parts and, since they dominate near a singularity, from
them we know what the solution has to look like as one closes in on the singularity. Thus,
in a sense, singular points make things easier: there is some distinctive asymptotic behavior
which can be extracted without fully solving the equation.

A similar thing often happens as z — oco. There is often some explicit behavior

which can be extracted without fully solving the equation. As a simple example consider

(d—: + 2+ 55 ) fl@) = 0. (5.13)

As x — 0o one expects that the term % might become negligible compared to 2. If so then

one should have

f(x) = 1% 4 coe™ ™
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for sufficiently large z. To see if this works let’s try to generate a series

f(:c):eii‘m<1+ﬂ+a—§+...>.
i x

d 2 +ikz a a2
0=<@+/€+ 2)6 <1+_+P+ )
d? d A a a
tikx 1 2
_ + 2k )(1 “uL e >
e (dm2 mda:+ +x+x2+

. _ 1 . 1
= etine ((¢2ma1 + )\)P + (2a1 F 4ikay + )\al)F + ... >

It follows that

A
=+
2k’

(A+2)A
ag = —————
8K2

and so on. Thus there are two linearly independent solutions, fi, whose asymptotic forms,
as r — 00 are

AL (AT +) (5.14)

+ikx
— 14+ 2 - =
fe(z)=e < 2ik T 8k2 2

The general term in this expansion is not hard to find. One has a one step recursion obtained

from the coefficient of L,
A+ +1))a; F2ik(j + 1)ajp1 = 0.

By starting at j = 1 and working up one finds

AjG+1D)) A+ G- 1)) - (/\+2)A
(J + D(2ik)I+1

ajp1 = (£1)UFY (

Note that the even and odd coefficents have different behavior. For j even, j = 2k,

gy 2R 2)) (A + (2K — 2)28) - (A + 2)A
ok = (= (2R)1(2r) 2

is real and independent of +. For j odd, j =2k + 1,

At (2k +1)(2k +3)) (A + 2k(2k 4+ 1)) - - (A + 2)A
(2k + 1)!(2k)2k+1

a2k+1 = ﬂ:(—l)k+1i (
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is pure imaginary and proportional to £. In particular,

fo(z) = f-(2)
so that
and

are two real linearly independent solutions with leading order large x asymptotic behavior
fi(x) =~ cosx

and

fo(x) =~ sinz.
Note as well that f; is even in x while f; is odd.

Example 5.9: Consider Bessel’s differential equation (5.11). First eliminate the % term

using the transformation f(x) = u(x)g(z) and choosing u so that the resulting equation for
g has no first derivative term:

0:<d2 +li—m—2—|—1>ug

dr?  xdxr 22
2

<d2 +2u’d+u”+1d 1w m 1>
— woa uo L a
dx? u dx U zdr xu 2 g

so that choosing

1
2L+ =0 (5.15)

one has

Solving (5.15) one finds

u = const —.

Jz

An overall multiplicative constant is uninteresting so set const = 1.
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Thus, solutions f to Bessel’s equation can be written

1
f(z) = ﬁg(x)
where .
d2 m- — 1
(da:2 g2 +1>g—0.

This equation is precisely of the form (5.13) with k = 1 and A = —m? + i. Using (5.14) one

finds that there are two linearly independent solutions to Bessel’s equation with asymptotic

forms ej; These are called Hankel functions, are denoted by I—L(ni) and are chosen to be

2 1 2_9 2_1
HP) (z) = ‘/ieii(ﬁc—%—% (1¢ m : il (m” — §)(m 4)i+...>.
T 2 x 8 2

There are constants a4+ and by for which
HE) =y J, +biY,.

To see find what these constants are requires knowledge about J,,, Y,, and ani) for the
same range of . Short distance asymptotics for J,, and Y,, and long distance asymptotics
for H,gni) will not suffice. Note that both J,, and Y,, are real so that one is proportional to
Re Hr(ni), the other to Im Hr(ni).

It turns out (in a homework problem) that
HE) = J,, +iY,,.

In particular, for large z

and

Example 5.10: The same style of large x analysis can be applied to the spherical Bessel
equation (5.12). Again, setting f(x) = u(x)g(x) and choosing u so that the resulting equation

for g has no first derivative term one finds that

2 ud w 2d 24 I(+1
u +2£—+%+——+—£—(+)+1>g:0

dx? u dx zdr xu 2
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so that
!
2
2 +Z =0
u oz

Solving for u one finds that one can choose

1
u=—
x
and then, with this choice, that
2 I(l+1)
- 1) ~0.
<dm2 x2 t1)g=0

It follows that two linearly independent solutions to the spherical Bessel equation can be
found with asymptotic form %eim. These are called spherical Hankel functions and are given

in standard form by

FU+ 11 1
hl(i)(aj):ueimO:F (+1) —I—)

x 2%

The spherical Bessel functions can actually be given in elementary form:

) 1 d isinzx
gi(x) = (=)' (- ) — (5.16)
and
1 d.icosx
m(r) = (1) Val () — (5.17)
It follows that
. sin x
jo(z) = .
Ccos T
Yo(w) = — -
. (x) B sinx _cosx
n =2 .
cosx SsSinx
y1(r) = — -

x? x
and so on.

Note that the leading order large x asymptotics for the spherical Bessel functions
can be obtained from (5.16) and (5.17) by letting the derivatives act on as few 2 terms as

possible. It follows that for x large
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and
(=D dlcosa
wlw) ~ x dz!
from which it follows that
hE) = g + iy,

Example 5.11: As a final example lets look at large positive z asymptotics for solutions to

Airy’s equation (5.6). Here, for large z we can’t expect behavior like e“©"* . Instead try

e a1 a9
f(z) ~ xPe <1+F+ﬁ+...>. (5.18)

Substituting into the differential equation

d? « o
<ﬁ — 93) gPef® = pP 2 <p(p — 1) +ar@p+a—1)z% + (ar)’z?® — :1:3>.
x

The largest terms are the 22 and 2?® terms. They must cancel each other. This implies that

3
a=—
2
and (ak)? = 1 so that ax = 41 and then
2
K==x-.
3

The next largest term is the £ term which must vanish. Thus 2p + a — 1 = 0 so that

p=—7

The remaining term will be canceled by part of the a; term in the asymptotic expansion, and
SO on.

Thus, there are two linearly independent solutions to Airy’s equation which, as

3
. _1 42,3 .
x — 00, have asymptotic form 2~ 7e*35%? . The standard solutions are
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and
3
Bi(z) ~ Ty ded?
The large —z behavior is somewhat different: as x — —oo it can be shown that
. 1 1. 23
Ai(z) =~ 7 22714 sm(§x2)
and
. 11 2 3
Bi(x) = 2271 cos(§x2).

Example 5.12: Imagine a sphere of radius r = R + esin(wt) with ¢ < R. Consider the
pressure amplitude induced in free space.

Recall linear lossless acoustics (Example 1.8),

1 0P ,
— - . =0
c? Ot PV v

and

ov’
— P =o0.
00 ot +V 0

Differentiating the first equation with respect to ¢ and substituting in from the second one

has
1 02

( Z—Cgﬁ)PIIO

Assuming harmonic time dependence
P'(x,t) = Re Py(x)e ™!

and
v/(x,t) = Reva(x)e ™!

one has
2 w? _
(C CQ)PA_O

—iwpova = VPy.
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Since ¢ <« R one can model the oscillating sphere as a velicity condition:

va(r,0,¢) = ew. This translates to a condition on Py,

0Px

P, satisfies the Helmholtz equation and, since the boundary conditions are independent of

and ¢, can be chosen independent of # and ¢. It follows that
Pa(r) = crh§T (kr) + eohl7) (k).

Further, one expects an outward travelling wave at large r so that co = 0. Thus

Pa(r) = crh§T (kr)
eikr
=C .
T

To determine ¢; use (5.19) from which one finds

c1kh$T (kR) = iw?poe.

Thus
2 _—ikR
e = iwppet b
k(ikR — 1)
so that
R2 eikr

Pu(r) = iw? : .
Alr) = o T ek

Example 5.13: Now consider an infinitely long cylinder whose radius is r = R + esin(wt)

with e < R and kR < 1. Then
Ps(r,0,2) = clHéJr)(kr)

with
0P,

— 42
_W’TZR = —wW" PpeE.
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It follows that

—c1 l{:Hé+)/(kR) = —iw?pge.

To evaluate H(()H/(kR) we use the assumption that kR < 1 and the small x asymptotics for

Bessels equation. One has

d .
Hy" (@) = - (Jo(w) +iYo(w))
d 2
2
N T
It follows that
cl R ngpoeR.
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Boundary Value Problems for O.D.E.s
Consider the second order homogeneous ordinary differential equation (5.5),

(5@ L 4 g)) 1) =0

for x € (a,b). A boundary value problem for this differential equation on (a,b) is two

conditions
and

The boundary conditions are said to be linear and/or homogeneous if F' and G are.

We will only be concerned with linear boundary conditions,
agf(a) + Baf'(a) = A

anf(b) + By (b) = B.

The boundary conditions are homogeneous only if A = B = 0. To see how to solve such a

boundary value problem let f; and fo be linearly independent solutions of (5.5). Then

f=cfi+cfs

for some constants ¢; and c. The boundary conditions become the following equation for ¢;

and co

(R ) whi ) (2)- ()

If the boundary conditions are inhomogeneous, so that the vector (g is non-zero then this
equation has a solution, that is, one can produce a unique pair of coefficients ¢; and ¢z, only
if the matrix is invertible. If so, then one can explicitly produce a solution, f, satisfying the
boundary conditions. Note that this solution is unique: multiples of f by a constant, cf, will

not satisfy the boundary conditions unless the constant ¢ = 1.

76



Boundary Value Problems

Example 6.1: For x € (0, L) consider the one dimensional Helmholtz equation

d2
(@ + k%) f(x) = 0.

Let f satisfy the boundary conditions

f(0)=4
and
f(L)=0
Writing
(@) = ey sin(kz) + ¢z cos(kx)
one has

(sin(kkL) cos?k:L)) (2) B <§) '

It follows that if k cos(kL) # 0 then

() = o (255 D (3)

so that
A A L
f(z) = 2 sin(hz) — 2EED) o).
k k
If £ =0 then il;TJ; = 0 so that f(x) = Az — AL. If cos(kL) then sin(kL) = £1 so

that the boundary conditions lead to kc; = A and +¢; = 0. Thus, unless A = 0 there is no

solution. If A = 0 then ¢; = 0 and c¢s is arbitrary.

Example 6.2: Consider lossless acoustics in one spatial dimension. The steady state

reponse at frequency w reduces to the study of

d? w?
(T2t 2P =0
and
. dPa
—iWpPUA = ———.
dx
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Note that a relation between P4 and vy is equivalent to a relation between P4 and P .

Often one models the action of a loudspeaker as a velocity specification at the
position of the loudspeaker. Consider a cylindrical tube of length L with a loudspeaker
mounted at x = 0. Let the end at x = L be closed and let the velocity of the face of the
loudspeaker be

ug cos(wt).

Then v4(L) = 0 since the end is closed and v4(0) = ug. This translates to a boundary value

problem for P4: P, (0) = —iwpoug and P (L) = 0. Writing
Py(x) =y sin(gx) + ¢ cos(gx)
c c

one has

Thus, if sin(% L) # 0 then

Py(x) = —z'pocu()(sin(%x) + cot(%}L) cos(%a:)).

For frequencies with sin(% L) = 0 there is no choice of ¢; and ¢, which satisfy the boundary
conditions unless uyp = 0 when ¢; = 0 and c¢s is arbitrary. At such a frequency the system
is at resonance. Note that the form given for P4 above becomes infinite as w approaches
a resonant frequency. Physically this means that in this lossless model the response to a
periodic excitation at a resonant frequency is infinite in the sense that there is no steady

state.

Homogeneous boundary conditions are more subtle and can not always be satisfied.

For these one has

aqf(a) + Baf'(a) =0

awf(b) + Bt (b) = 0.
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Again let f; and fy be linearly independent solutions of (5.5) so that

f=cfitcf

for some constants ¢; and co. The boundary conditions become the following equation for ¢;

and c
L (e e s (a) (0

The only way for there to be non-zero solutions (that is, at least one of the ¢; is non-zero) is

for

0ufi(a) + Bafl(@) @afala) + Bufb(@)) _
det ( ay f1(b) + 5bf{1(b) o fa(b) + 6bf£2(b) ) = 0. (6.1)

As we saw in the last two examples this condition is rarely satisfied. If the differential equation
(and thus the solutions) has a free parameter (such as k in the one-dimensional Helmholtz
equation) then a given homogeneous boundary value problem can typically be satisfied only
for a discrete set of values of the free parameter. Further, if f satisfies a homogeneous
boundary value problem then c¢f does as well for any constant c. Finally, if (6.1) is satisfied
for any pair of linearly independent solutions f; and fo then it is satisfied for all pairs of
linearly independent solutions (changing the pairs of solution is just a change of basis).
Consider the simple example given by the Helmholtz equation

(@jtk?)fzo

with the boundary conditions f(0) = f(L) = 0. Writing
f(x) = ¢y sin(kx) + co cos(kx)

the boundary condition can be satisfied only if

1

det (Sm(ok 1) coslh L)> — _sin(kL) = 0.

This is only possible for k = 7% where n is an integer. If so then ¢z = 0 and

nm

f(z)=0c sin(fx)

for any c;.
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Homogeneous boundary value problems lead to the notion of eigen-functions for
differential operators. Let

d? d
L= a2 +p($)% + q(x)

be a second order differential operator and let
aaf(a) + Baf'(a) =0

apf(b) + Bof'(b) =0

be homogeneous boundary conditions. The differential equation

(L=A)f(x)=0 (6.2)

restricted to functions satisfying the boundary conditions is called an eigenvalue problem for
L corresponding to the stated boundary conditions. Note that there will be a solution f only
for certain values of A for which (6.1) is satisfied. These values of A are called eigenvalues of L
and the corresponding solutions f are called eigenfunctions. The equation (6.1) appropriate

to (6.2) is called an eigenvalue condition.

nTm

An example is provided by the functions sin( %

x) for the one dimensional Helmholtz
equation in (0, L) with f(0) = f(L) = 0. In that example A\ = k? and the eigenvalue condition
is —sin(kL) = 0.

Another type of homogeneous boundary value problem is given by insisting that
the solution in (0, L) be a periodic function on all of R with period L. This is insured if

f(0) = f(L) and f'(0) = f’(L). These are called periodic boundary conditions. If f; and fo

are linearly independent solutions then f = c;f1 + ¢2 fo and one has

(ho—Fin o~ fin) (2)= (),

This system has a non-trivial solution only if

f1(0) — f1(L)  f2(0) — fo( L)\ _
det(f{(m—f{(L) fé(O)—fé(L))_O’ (6.3)

Again, if the differential equation is put in the form (6.2) one has an eigenvalue problem for

j—; with eigenvalue condition (6.3).
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For the Helmholtz equation one has
f(2) = c1e™*® 4 cpe~ ik
so that periodic boundary conditions lead to the eigenvalue condition

det 1-e™ 1 - = —2ik(1 — e*E)(1 — e7*E)
ik(1 —e*L)  —ik(1 — e L)
= —4ik(1 — cos kL)

=0.

Thus the eigenvalue condition becomes cos kL = 1 so that one has

forme{..., =2, =1, 0, 1, 2, ...}. The eigenfunctions are

621’1177% )

Recall that the eigen values are A\ = k2. Thus, for this example there are two eigenfunctions,

4An? 72

eF2inIm L | for each eigenvalue 72— Note that the general solution, at a given eigenvalue k

is a superposition of the two eigenfunctions and thus still contains two free parameters.

Example 6.3: Consider the free vibration of a circular membrane of radius R. In the linear

approximation the dispacement of the membrane, u(x,t), satisfies the wave equation

<V2 - C%g—;)ﬂx,t) = 0.

If the membrane is clamped along it’s edge then there is the additional condition u(x,t) =0

if ||x|| = R. Transforming to polar coordinates and assuming harmonic time dependence,
u(x,t) = Reua(r,0)e ",

one has the Helmholz equation

02 190 1 0% W2
(g2 + 7 * 72 + @) alr0) =0
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with the boundary condition

ua(R,0) =0.
We will look for separable solutions
ua(r,0) = X(r)Y(0)

with X (R) = 0, X (0) finite and Y (#) periodic with period 27. Substituting into the Helmholtz
equation one has

1 1 2
Y(X” n —X’) +oXY'+ Y xy —o.
r r2 c?

We get a solution if

Y4+ MY =0,
1 A
X"+ ZX = 21X 4+ XX =0,
r r2
and
2
w
C_2 - )\2.
The equation for Y is a one dimensional Helmholtz equation with periodic boundary
conditions. Thus \; = +m for m =0, 1, 2, ... corresponding to solutions

Y(0) =ae™ 4 beim
Given this choice for Y the equation for X leads to Bessel’s equation and has solutions

X(r)=a Jp(V/A2r) + b Y (\/Aa 7).

The condition that X be finite at » = 0 implies that b = 0. The condition that X (R) = 0

implies that
IJm(v/ A2 R) = 0.

It follows that /Ay R must be a root of J,,. There are an infinite number of these roots. Let
T, ; be these roots, Jp,(zm,;) = 0, listed in increasing order. For x,, ; large enough they can

be estimated using the large x asymptotic form for .J,,. This leads to the approximation

mr T
coS(Tp ; — - - Z) ~0
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which gives z,, ; = (nm, + HTm + %)7‘(’ for large j. n,, is an integer. For small values of j the

zeros must be approximated numerically. One finds
Zo,1 = 2.405, Zo,2 = 5.520, Zo,3 = 8.654,

1,1 = 3.832, x12="7.016, x;3=10.173,
T2,1 = 5136, xT2,2 = 8417, x2,3 = 11620,
and so on. In general, setting k,,, ; = /A2 one has

_ Tm,y

km,; = 7

and solutions X (7) = Jp, (km ;7).

Thus we have solutions
UA i (1,0) = T (k1) (aem“9 + be‘img)

as long as

w2

_ 12
c2 _kmd‘

The frequencies

Win,j = Ckm,j

are called the resonant frequencies of the system.

Example 6.4: Now consider a related problem: the vibration of a circular membrane of
radius R whose center is being vibrated harmonically by a small piston of radius ry attatched
to the center of the membrane. The piston moves through a distance € cos(wt). This leads to
the condition

u(x,t) = ecos(wt)

for ||x|| = ro as well as u(x,t) = 0 if ||x|| = R. Proceeding as in the previous example one

has

u(x,t) = Reuy(r,0)e” ™"
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with w4 (rg,0) = € and uxg(R,0) = 0. Since € # 0 the solution must be independent of 6. It
follows that
wa(r.6) = a Jo(=r) +b Yo(=r).

The boundary conditions become

This system has a non-trivial solution only if

w

Jo(£r0)Yo (S R) = Jo(=R)Yo(Z10) # 0.

Frequencies for which this determinant is 0 are precisely the resonant frequencies of the

system. If the system is not at resonance one has

(5) = wewmer—TemmEy (Cakh uen ) (6)

leading to

o Yo(%R)Jo(%T‘) — Jo(%R)Yo(%T) ¢
J()(wr())YO(%R) — Jo(%R)Yo(%T’o)

C

—iwt

u(x,t) = eR

If w is a resonant frequency then one of the assumtions are wrong: there are no
solutions whose time dependence is given by e~ **!. In fact, a lossless resonant system has no

steady state: the amplitude of vibration in such a system grows with time.
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Figenfunction Expansions I: finite domains

Recall that given an n X n matrix A the equation
(A — )\)v =0

has solutions only for those values of A for which det(A — \) = 0. Recall further that if A
is self-adjoint then it has n orthogonal eigenvectors which can be normalized and used as an

orthonormal basis. Note that in general
Wi Av = (A*w)"v.

Thus, if (w,v) = w*v is the standard inner product on C™ then A is self-adjoint if and only
if (w, Av) = (Aw, V).
Now consider a second order differential operator

L(\) = %P(m)% + Q(x) — AR(x)

on an interval (a,b) with P, @ and R real and P and R positive on (a,b). Consider functions
f7 g: (CE, b) — C
and introduce the inner product

b
(f.g) = / F)g(x) d.

Consider

(. (L P@) L 4 Q) - AR@)) )

for functions f and g which are sufficiently well behaved. Integrating by parts twice one has
b b g7
——d d s b df ,dg
P _ dx = fPq'| — —P—d
/a fz)——P(x)—g(w)dz = fPg . /a JoPo—da

_ _ bod d -
:ng"Z—f’Pg|Z+/ (—P%f>gdx

dx
so that
d d — b d d
(s (5 P(a)7 + Q@) = AR(2) )g) = P(Fg' = ['9)[, + (- P(a) + Q&) = AR(2)) . g).
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Thus if
- — b
P(fgd' —f'g9)|, =0

then L is self-adjoint in the sense that

(f,Lg) =(Lf,g).

This is where the boundary conditions come in. If one restricts attention to a set of
. . . .- . = 7 b .
functions which satisfy some conditions at a and b which make P(fg¢" — f’ g)|a = 0 then L is
self-adjoint on this restricted set. The most common examples of such a condition are

i) The Sturm-Liouville problem: any linear homogeneous two point boundary condition
agf(a) + Baf'(a) =0

apf(b) + Bpf'(b) =0

with o, 8,, ap and B all real.

ii) Periodic boundary conditions with P = 1:

and

The essential facts are
i) The equation
LN f=0

has non-zero solutions only for A in some discrete, infinite set {\1, A2, ...}. The A; are called
the eigenvalues of L. The set of all the eigenvalues is called the spectrum of L. The solutions
fj to

LX) f;=0

which satisfy the boundary conditions are called the eigenvectors of L. They are of finite
norm. For the Sturm-Liouville problem there is only one eigenfunction for each eigenvalue

Aj. For periodic boundary conditions there can be two eigenfunctions per eigenvalue.
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ii) The f; form a basis for the set of all functions on (a,b) in the sense that given any g there

is a sequence of coefficients c; with

g(x) = ¢ifj(@).

J

This is called an eigenfunction expansion of g.

iii) The f; are an orthogonal basis in the sense that

[ @) Ry de = 530 [ 1100 R

This gives a simple formula for the c;:

c; fi(@)g(x) R(x) du.

1 b
- I2145(2) | R(x) dx/a

Example 7.1: Periodic boundary conditions on the one dimensional Helmholtz equation

leads to the Fourier series. Consider

and

Then writing f(z) = cleﬁx + cze_ﬁ‘” one has
eﬁa _ e\/Xb efﬁa _ efﬁb c1 _ 0
\/X(eﬁ“ — eﬁb) —\/X(e_ﬁ“ — e_ﬁb) 2 0/
This leads to the eigenvalue condition
\/X(l — cosh V(b — a)) = 0.

Thus the eigenvalues are

V()
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For 7 = 0 there is one eigenfunction, chosen normalized,

For each j > 0 there are two eigenfunctions

1 o
e:l: L

Jai(w) = ——

The eigenfunction expansion of an arbitrary function g on (a,b) with respect to these eigen-

functions leads the the Fourier series for g,

where u(t,0) = 0 = u(t, L). Impose the initial conditions u(0,z) = g(z) and 2% ‘t o = h(z)
for some functions g and h with ¢g(0) = 0 = g(L) and h(0) = 0 = h(L).

First let’s develop the eigenfunction expansion for = with the boundary conditions
f(0) =0 = f(L) (there are referred to as Dirichlet boundary conditions). Again, we need to

consider ,
(55 2) @) =0

n (0,L). We have already seen that the eigenvalues for this problem are

e

corresponding to the (normalized) eigenfunction

filz) = \/%sin ‘%x

Here j € {1,2,3,...}. Then one can write
2 o
=1/ sm
L
Jj=1
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where
[2 5 ]
ci(t) = z/o sin J%x u(t, x) dx.
Substituting this form for u into the wave equation one finds
[&.9] . 2 .
JT o 1d LT
Taking the inner product of this equation fi(z) = % sin ’%x yields the following equation
for ¢,

kr., 1 d?
((f) + gﬁ)ck(t) =0.
It follows that

k k
ck(t) = ag sin(%t) + by, COS(%t).

To determine a; and by one uses the initial conditions. One has
2 — g
\/ 7 Z c;(0) sin Tr= g(z)
j=1

and
2 =, . JT
\/ = E c:(0) sin =~z = h(z).
L = J L

Again, taking the inner product of these equations with fj one obtains initial conditions for

the cg,

and

¢(0) = (f. h).

It follows that

kem kem

ck(t) = %(fk, h) sin(Tt) + (fr,9) cos(Tt)

so that

u(t,r) = \/%Z (%(ij h) Sin(j%t) +(f,9) cos(j%t)) sin %:{;
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L
PR

Now consider the case in which the string is plucked at the center, x = 5, by being

pulled a distance € from equilibrium and then released. One then has

()= 2@ if0<z<%
T =T \L—2 ifl<a<l
and
h(z) = 0.
One finds that
2 2Le . gm
(fj,9>:\/zj2?81n7
so that
de & 1 27 +1 27 +1
ult,z) = 2 cos (BT gy (BT,

Example 7.3: Consider the time dependent Schrodinger equation for a particle of mass m
confined to a one dimensional interval [a,b] with rigid walls

h? 92

- 2m 922

—ih (e, 1) = ()

with ¢(a,t) = 0 = 9(b,t). One can solve this problem by expanding v (z,t) with respect to
the eigenfunctions of 88—;2 with Dirichlet boundary conditions at a and b. One has
o

2 . JTx
(1) = b_ajzzjlcju)smb_a

where the coefficients ¢;(¢) satisfy the first order equation

_pde _ B gt
dt — 2m (b—a)?”’

with the initial condition

2 b . jmx
c;(0) =4/ b—a/ (0, ) sin bj— ad:c.

It follows that




so that
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2 [e’e) i jmh St j?T.fE
’t — _ . 0 2m(b—a) 1 .

Y(x,t) =1/ 7 ]E_l ¢j(0)e sin »—

If one denotes the eigenfunctions by

then one has

oo

iy
Yla,t) =) e mmo-aT i (2) (3, (x, 0))
j=1
= e E )y 2, 0)
. 2 2
with the operator em(_g_maa?

)t defined by the eigenfunction expansion

. 2 2 o . jh
eZﬁ(ig_m ;?)tgb e Z el 2mgb7a)2 twj <’(7b‘]7 (b).
=1

Now consider the differential equation

2
(% +p%+q—)\>f(x):o (7.1)

corresponding to a second order O.D.E. in standard form. To relate this equation to an
eigenvalue equation for a self-adjoint operator functions P, ) and R must be found for which
d? 4 d n 5\ — 1 ( d _d

dez " Pag 71 N

P+ Q- AR).
P\dx dx +Q
This equation gives

p!
b= P

,_Q

P

and -

1= 22

It follows that

P= ef pde
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so that (7.1) becomes

(;i fpdfd el virg—aelri)p =0 (7.2)

Given either Sturm-Liouville or P-periodic boundary conditions this now becomes a self-

adjoint eigenvalue problem whose eigenfunctions satisfy the orthogonality condition

b b
fi(@) fu(z) efpdm dr = 5]-’;3/ |f](m)|2 efpdm dx. (7.3)

Sturm-Liouville problems can also be posed for differential equations which have a
regular singular point at an endpoint. Consider the differential operator

d? d

=gz TPy e

n (a,b). Let L have a regular singular point at a. One’s chief concern is that L should be
related to a (possibly) self-adjoint operator of the form given in (7.3),

"_d fpd:v fpdm
L_da: . +e .

One needs (f, Lg) = (Lf,g). There is a difficulty with this expression independent of bound-
ary conditions: if L has a regular singular point at a then (f, Eg) might well not exist unless

f and g are chosen from some restricted set. More explicitly, p is allowed to have a simple

pP—1
r—a

pole at x = a, p(z) ~ as r | a, and ¢ is allowed to have a second order pole at a,

q(x) ~ (xq_;j)? as x | a. Thus, for = close to a

fpdac .CE—(I)

and then

eJ P g gy — a2

Thus, depending on p_1, it is possible to have (f, efpdxqg> = oo unless f and g go to 0
rapidly enough as z | a.
There are several ways out of this dilemma. For our purposes the most straightfor-

ward is to restrict the set of functions we deal with to those whose behavior near z = a is
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that given by the indicial equation. Let r; and r, be the roots of the indicial equation for L.
Conditions of the form

lim (f(x) —ci(r—a)t —co(r — a)”) =0

zla
if 71 # r9 and

lIlEzl (f(x) —c(x—a)" —co(r—a) In|x —a]) =0

if 1 = ro = r can be imposed on both f and g. If one insists that ay,c; + B4c2 = 0 for real
values o, and 3, then both L fand f)g go to 0 as x | a and, if there is some real, homogeneous
boundary condition at b,

oy f(b) + B f'(b) = 0,
then one can easily check that (fg’' — f'g) |Z = 0. Thus L is self-adjoint and its eigenfunctions

can be made into an ortho-normal basis. (Note that if a is a regular point then r; = 0 and

ro = 1 and the classical Sturm-Liouville theory is recovered.)

Example 7.4: Recall Example 6.3, the free vibrations of a clamped circular membrane.
One must solve the two dimensional wave equation in polar coordinates,
02 10 1 02 1 02
—t-—t == - 5= ,0,t) =0
<8r2 * r or * r2 06% 2 8t2>u(r )
with the boundary condition u(R,6,t) = 0 and initial conditions u(r,8,0) = g¢(r,0) and
%‘ b0 = h(r,8). Rather than proceeding as in Example 6.3, where some solutions were

found (although it was not made clear to what extent all solutions were found), let’s try to

19 1 82

. . . 82
find an eigenfunction expansion for 5> + >3- + = 552

The normalized eigenfunctions of % with periodic boundary conditions are \/%76“"9
for m € {0,41,42,...} corresponding to the eigenvalue m?. It follows that any function of

0, in particular u(r,0,t), can be expanded in an eigenfunction expansion in the functions

1 _im#.
Var©
B Y e
u(r,0,t) = — U (1, )€™
2
with

2
U (1, 1) = \/LQ_W/O u(r, 0,t)e™? db.
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Substituting into the wave equation, multiplying by ﬁeime and integrating over

0 one finds that u,,(r,t) satisfies the equation
( 0? 10 m? 10°
or2  ror r2 2 ot?
with the conditions u,,(R,t) = 0 and u,,(0,t) finite. The operator L,, = g—; -+ %% - 7:‘—22 has
a regular singular point at » = 0, however the condition that u,, be finite at » = 0 means we
can restrict to functions that behave like 7™ as r | 0 and are 0 at » = R. On this restricted set
of functions L,, is self-adjoint. The eigenfunctions of L,,, were found in Example 6.3. Using

2

w . . .
-z corresponding to normalized

the notation developed there the eigenvalues are —kfm ==

eigenfunctions
fm.i(r) = Non i Jjm| (Kjum) 57)
where the normalization factor, Ny, ;, is given by (7.3),

1
Ny =
\/foR (S} (Rjen 7))l

_ Lim|.j
R\/fox‘m"j (Jjim| (z))2 zdz

and the orthogonality relation by

R
/O Fong () foni (F) 7l = 85

The integral in the normalization factor IV, ; can be computed either numerically, or using

the identity

“ 2 _a? [ Jn(a)? = Jme1(a)Jpmii(a) ifm >0
/O (Jm(Z)) zdz = ? { Jo(a)2 + Jl(a)2 * ifm=0 (74>

Note that the functions

1

UAm,j(r,0) = \/T—ﬂNm,jJ|m|(k|m|,jr)eim9

are the sought after eigenfunctions of g—; + %% + %88—922. They satisfy the orthogonality

r

condition

R 27
/ / UAm,;(7,0) WA nk(1,0) 7 dO dr = 61m 0.
o Jo
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Setting .
Cm,j(t) = / / UA m,;(r,0) u(r,0,t)rdf dr
o Jo

one has

u(r, 6,t) Z ZC”” Yuam,i(r,0).

m=—oo j=1

The coefficients ¢, ;(t) satisfy the equation
2

(% + w2, )thj(t) =0

with the initial conditions

R 27
cm’j(O):/o /0 UAm,;(r,0)g(r,0)rdddr

R r27
= / / UAm,;(r,0) h(r,0)rdbdr.
o Jo

and

it follows that

Crn j(O) )
Cm,j(t) = m,;(0) cos(wm ;1) + ——— sin(wpm,;t)
Wm,j
so that
(r,0,t) f: io: (c ) cos(wpm;t) + .5 (0) sin(w t)> u (r,0)
mJ m,j W m,j Am g\ ).

m=—o0 j=1

In the last example the eigenvalues and eigenfunctions of the Laplacian in a disk
were found. The geometry, that of a disk, is special because a coordinate system can be
found, polar coordinates, in which the Laplacian is separable so that the problem reduces to
solving O.D.E.’s. In more complicated geometries, in which the Laplacian is not separable,
the eigenvalue problem can still be posed. The discussion here will be restricted to two
dimensions although it is readily extended to arbitrary dimension.

Let A be a region in R?. There are some restrictions that need to be put on A, but
they are difficult to state mathematically. Loosely put, attention will be restricted to regions

A in which Gauss’ law can be applied. Note that
/ (W% _ ¢v2zz) dA = / v (&w - ¢W) dA
A A

= [ (#9o-ovi)-a
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Thus, if there are boundary conditions on imposed on @ and ¢ on 0A so that

/aA (&w—w&) ndl =0

then V? is self-adjoint in A with respect to the inner product

<¢,¢>=/AwdA

in the sense that (¢, V2¢) = (V?1, ¢). A large class of self-adjoint boundary conditions for
V2 is given by
(a¢+ﬁn- ng)’@A =0

for real constants o and 5. The two most important special cases are Dirichlet boundary
conditions, ¢|6A = 0 and Neumann boundary conditions, n - qu’aA = 0.

Given self adjoint boundary conditions the eigenfunctions of V2 are complete and
can be chosen orthonormal. In the case of either Dirichlet or Neumann boundary conditions
more can be said:

(¢, V) = —/ Vo -VodA+ éVe -ndl
A DA
= —|Vg|

<0.

It follows that if \ is an eigenvalue of V2 with eigenvector ¢ then

A= &V

(¢,0) —

Let A; be a listing of the eigenvalues of —V2. In more than one dimension it is possible

for a single eigenvalue to have more than one eigenfunction so that some of the \; might

repeat. Such an eigenvalue is called degenerate and the span of its eigenfunctions is called its

eigenspace. The dimension of the eigenspace is called the multiplicity of the eigenvalue. In

general the \; form an unbounded increasing sequence, A\; < A;41 and A\; — 00 as j — oo.

Finally, note that for Neumann boundary conditions 0 is always an eigenvalue corresponding
1

to the constant eigenfunction ——, where |A| is the area of A. For Dirichlet boundar
g Yy
V14|

conditions 0 is never an eigenvalue of the Laplacian.
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Example 7.5: Consider a free particle of mass m confined to a two dimensional region A.

The quantum-mechanical Hamiltonian for this situation is

LR

2m

with Dirichlet boundary conditions on 0A. The the ground state eigenvalue is greater than

zero. Thus the particle is never at rest.

Example 7.6: Consider sound propagation in a long straight pipe with cross section A.

Let the axis of the pipe be the z axis and let

9
VL - ( Bax ) .
oy
Then the linear pressure satisfies the wave equation

o2 , 102
(52 * Vi~ 2om

5o )P(,y,21) =0

and the velocity is related to the pressure through Euler’s equation

ov

The condition that the normal component of the velocity to the wall of the pipe

must be zero,

n'V‘aAZO’

translates to a boundary condition on P,
n-VP|,, =0.

This boundary condition can be satisfied, and the x,y part of the equation can be separated

from the z,t part by expanding in an eigenfunction expansion in the Neumann eigenfunctions
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of V2. More explicitly, let —\; be a listing of the Neumann eigenvalues and let 1; be the

corresponding eigenfunctions of V3. Then

P(z,y,2,t) = ij(zﬂf) Vi(z,y)

with 2 2
(% — A - C%%)fj(z,w 0.
Consider the steady state solutions of frequency w. For these
filzt) = <aj ei@z +bj e g - Z>€—iwt
so that

) . L J2Z )
x y’Z t Zw‘j T y <a/‘7 7 C_2_>\j2 +b] e (2 2 )\] Z>e—’LUJt.

Note that only those terms with “5 c > A; propagate.

The coefficients a; and b; are determined by the boundary conditions. If the pipe is
infinitely long then, for large z, the sound wave must be a traveling wave propagating to the
right. For such a wave the coefficients b; are 0. The a; can be determined if, for example,

the frequency w component of the pressure amplitude Pa(x,y, 2), satisfying
P(z,y,2,t) = Pa(z,y,2) e ",

is known at z = 0. Then
aj = /Al/)j(fC,y) Ps(z,y,0) dx dy.

As a concrete example consider a cylindrical pipe with radius R. Let there be a

piston mounted at z = 0 with radius £ and velocity (along the y-axis) ugcos(wt). The

pressure field of the resulting sound wave is calculated.

N
A is a disk of radius R. Let z)) ; be the j solution of J;, (x) = 0, let k)Y ; = %
and w §= = ckl, ;- Then the Neumann eigenvalues of —V? in A are
Am’] = (k%,j)Q

corresponding to the eigenfunctions

Y, j(r,0) = g o] (ko 7)™
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For m = 0 = j one has k{', = 0 and then Ng\, = ‘/?5. Otherwise
1
2
\/fO J‘m| |m| ,J )) rdr
_ \mI,J
wl\fn p 2 '
RV (o (2)* 28

The pressure wave is given by

NN

P(T‘,G,Z,t) = Re Z Zwmd(r? 9) Am,j e%mz—iwt.

m=—o0 j=0

The coefficients a,, ; are determined by the velocity boundary condition at z = 0:

8_P = wpoup sin(wt) 1 if0§r<§
Oz '2=0 poto 0 if§<7“<R
= - v —w
= Re Z Zwmd(r, 0)5 w? — (w%’j)2 Am,; €™
m=—o0 j=0
which gives
27
Um,j = POCo / Ym J(r 0)rdé dr
w? — (W
=0moV2T Né\fjpocuo Jo( koj ) rdr.

P

Thus, P is independent of § and is given by (noting that Re(ie

P(T,Z,t) = pocugR Re [\/g elez—iwt

ncN

0,5
2 d L /w?—(wd z—iw
Jy® ol )x Ly (kfyr)et VT e

0
\/ xo;\/fo(” Jo(@)) 2 da

Note that for 7 > 0 for which wé\f ; # 0 the speed of propagation is not ¢, but is frequency

—Wh) — gin wt)

dependent, given by
cw

w? = (wg)?

CO 7j =

This phenomenon, the speed of propagation being frequency dependent, is known as disper-

sion.
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Finally, the integrals over the Bessel functions can be done numerically, or by using

the identities (7.4) and

/a Jo(2) zdz = a Ji(a).
0

To find the zeros x%jof J], one can use the identities

and, for m > 0,

Jo(@) = —Ji(a)

I (2) = Jp1(z) — %Jm(x).

Below, J/ is plotted for m = 0 and m = 1. The zeros are labelled on the horizontal axis.

Note that

and

0.6

0.4

0.2

-0.2

-0.4

-0.6

zy, = 3.832
xhy = 7.016
zh'g = 10.173
xy, = 5.331
a1y = 8.536
1’5 = 11.706.

dJ_0(x) —
dJ"1(X) -

\

3.832 5.331 7.016 8.536 10.17311.706

Finding the zeros of Jé and J{.
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The notion of self-adjointness is not restricted to second order operators. Consider

b 4 F o2 2 F 3F b 4 f
[ G-t e o+ G

so that , . . . ,

g = (T~ G+ s~ o)l + o)
Thus, % is self adjoint on (a,b) if

df @9 d*fdg d*f N
de3  dede? | da?dr  dzd? a:O'

For us the most important use of j—; is to model the vibration of a bar using the one

dimensional plate equation,

<d—4 + Ka—Q)u(:L',t) = 0.

dx? ot?

The most common self adjoint boundary conditions are

i) clamped at a (or b):

ii) free at a (or b):

iii) periodic:

ou
t — _ —
u(a,t) =0 9 |z=a’
I
Ox2'z=a - or3 r=a’

u(a,t) = u(b,t)

ooy
Oxlv=a — g lo=b
9%u 0%y
@‘xza = @Lr:b
93 93

ox3 }x:a - ox3 |1::b'

In general, any self adjoint boundary conditions for a fourth order operator must

consist of four equations, and the eigenvalue condition will be a determinant of a four by

four matrix. Thus, the eigenvalue problem for a fourth order operator is considerably more

complicated than that for a second order operator. There is no way to avoid some amount

of numerical work, and in special cases tricks are very important.
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Example 7.7: Consider the vibrations of a bar of length L clamped at both ends. In solving
the one dimensional plate equation we begin by generating an eigenfunction expansion for
-

4 .
——. Consider

(d—4 - A)qp(x) ~0

dx?

with the boundary conditions (0) = 0 = ¢ (L), ¢'(0) = 0 = ¢/(L). The general solution

may be written

Y(x) = acoskx + bsin kx + ccosh kx + dsinh kz

with k% = \. At 0 one has

O=a+c
and
0=kb+ kd
so that
¥(x) = a(cos kx — cosh kx) + b(sin kz — sinh kx).
At L one has
0 =a(coskL — cosh kL) + b(sin kL — sinh kL)

and

0 = ka(—sinkL — sinh kL) + kb(cos kL — cosh kL).
Thus the eigenvalue condition may be written

0 = (coskL — cosh kL)? 4 (sin? kL — sinh® kL)

=2—2coskLcoshkL,

or
coskLcoshkL = 1.
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os \ / \ / \ 102 f\
I ARIRIN
]

x=kL
The plot above shows that there are eigenvalues when kL = 4.73, 7.851, 10.995,....
Given one of these values for kL the corresponding (unnormalized) eigenfunction is

sinkL — sinh kL
coskL — cosh kL

flx) = ( (cos kx — cosh kx) + sin kz — sinh kx)

Below the first three (unnormalized) eigenfunctions are plotted with L = 1. Note that they

are not sinusoidal.

0 0.2 0.4 0.6 0.8 1

Let the values of kL which satisfy the eigenvalue condition be labeled ;. The
4
eigenvalues are \; = % Let the normalized eigenfunction corresponding to A; be

sin&; —sinh &; &ix &ix . &ix . &ix
vylw) = Nj( a cosﬁj- = coshfjj (cos jT — cosh JT) ein ]T —sinh ]T)

where N; = (f;, fj)_%. Then the displacement is

2 2

- &t S
u(z,t) = ;%‘ (x) (aj cos 112]—\/? + b, sin in/f).
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The coefficients a; and b; can be determined by initial conditions:

aj = (1bj,u(z,0))

and
3K ou
bj - 6—32'<¢j7 E’t:&.
Note that for kL large enough the eigenvalue condition becomes coskL + ... = 0,

correct to order e *L. Further

sinkL — sinh kL
coskL — cosh kL

=1—2sinkL e *t 1+ .

—2kL

correct to order e . Substituting this approximation into the eigenfunctions one has

f(x) = sinkz — coskx + e * —sinkL e *E=2) 4

*L yniformly on [0, L]. Note that the exponential terms are negligable

correct to order e~
except when x is not much further than % from either O or L.

Solving the approximate eigenvalue condition, coskL = 0, gives kL = (n + %)7‘(’
This approximation is valid as long as e~ ()T« ] (this is not a very stringent condition

since for n > 2 e~ ("+2)7™ < =57 < 0.009). The eigenfunctions are given approximately by
g

]. ]_ €T — X
fn<x) = sin ((n + 5)77-%) — COos ((TL + 5)7]-%) + e—(n-l-%)ﬁf _ (_1)n—1 e—(n-l-%)w LL o

The exponential terms are important only if x is no more than % from either 0 or L (since
2
e~4™ is tiny). Thus f, is essentially sinusoidal except for the first and last cycles. Below is a

plOt of f10 with L = 1.

f 10(x) —

SN A AN
NIAEAN A

osh 4L

-1.5
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The last topic of this chapter is something we’ve been avoiding: how to deal with the

angular part of the Laplacian in spherical coordinates. Recall that, in spherical coordinates
((3.1)),
82+28+1<18_ 8+1 82>
=—4+-——+5|—=sinf—=+ ———).
or2  ror r2\sinf 06 00  sin? 0 02

We need to study the operator

1 0 . 0 1 9?2
= — S1n

smoo0 o T sinZ 0 02

(7.5)

The range of 6 and ¢ is chosen so that, for fixed r, the surface of a sphere is covered. The
two basic conditions on functions f(6,¢) that we will act on with L is that they be single
valued and finite. In terms of # and ¢ this dictates that ¢ € (0,27) with periodic boundary
conditions imposed, and that § € (0, 7) with no condition other than that functions are finite.

Subject to these conditions we look for eigenfunctions of L,

The ¢ dependence can be dealt with by using the periodic eigenfunctions of 88722,

1

Then look for eigenfunctions of the form

£(60.0) = fn(6) ™.

Then

(18.8 m?

9005 oy A)fm(e) — 0.

This equation has regular singular points at 0 and 7 and is usually analysed by making the
change of variables

x = cosf.

105



FEigenfunction Expansions I

Then we need to solve the equation

2

(%(1—$2)%— 1Ta:2 —A)g(x):() (7.6)

for z € (—1,1) and set f,,(0) = g(cos ).
The solutions of this equation are called Generalized Legendre functions. The com-
plete study of these functions is quite involved. We won’t get into it. Here we’ll just notice

that the indicial equation at both +1 is
2

r(r—1)+r—mT:O

which gives r = +m. In particular, for m = 0 f(£1) is non-zero while for m # 0 f(£1) = 0.

The facts are that for each m the eigenvalues of (7.6) are given by A = —I(l + 1) for

I € {|lm|,|m|+1,|m|+2,...}. The corresponding eigenfunctions are the generalized Legendre
polynomials

—-1)m d+m

Py = -t T

None of the other solutions of (7.6) are finite at both = +1. They satisfy the orthogonality

ol

-1k

realtion

! 2 (I+m)!
P pm = /.
/_1 P )P @) d = g

The standard choice for normalized mutually orthogonal eigenfunctions of L, (7.5),

are called spherical harmonics and are given by

20+1 (1 — ! :
Ylmw,qs):\/ = Elﬂ;!zﬁm(cose)ew

Here

LYlm = —l<l + 1)Ylm
for 1 €{0,1,2,3,...} and m € {—I, -1+ 1,...,1 —1,1}. They satisfy
27 T
/ / Voo (0.0) Yinn (6, &) sin 0.0 ds = 611 Sy
o Jo

The eigenfunction expansion in spherical harmonics is given by

00 l
F0.6) =" cimYim(0,0)

=0 m=-I
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with

27 s
= Y (0.0) £(6, ) sin0.d6 do.
Cz /0 /0 n(0.) 10, 9) sin 0 do d

A few spherical harmonics are given below.

1
Yoo =1/ —
T
3
Y11 = —1/— sinfe'®
T
3
Y190 = —4/ — cosf
T
1 /15
Yoo = —4/ — sin? 0 ¢2%?
4 T
15 ,
Yo = — 8r sin 6 cos 0 €*¢
s

/5 3 1
Y pu— _— - 2 - .
20 47T(2COS o 2)

For the —m spherical harmonics use

Yiom = (_1)mm

FEigenfunction Expansions I

Example 7.8: Consider the radiation from a compact source. Away from the source the

acoustic pressure satisfies the wave equation, written here in spherical coordinates

(#2001, 1%
or2  ror r? c? Ot?

Expanding in spherical harmonics one has

0o l

P(T’,e, gb, t) == Z Z flm(T7 t)lem(ea(rb)

=0 m=—1

where

(6_2 20 I(l+1) 1 62 )
or?2  ror r2 c2 Ot?

The [ = 0 equation has exact solutions. In general let

U (T, 1)

flm(ra t) =
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Then

( 0% Il(l+1) 1 92

or2 2 6—2@>ulm(r, t)=0.

For [ = 0 one has
uoo(r,t) = g(r — ct) + h(r — ct)
for arbitrary differentiable functions g and h. In particular

g(r —ct) + h(r + ct) .

foo(r,t) =

Note that for arbitrary [, m the radial dependence has the asymptotic form

Gim (1 — ct) + hym (r + ct)
T

flm(rv t) ~

L)

for large r (large enough so that the term can be ignored).

Now consider the frequency w response. Setting

P(T7 9? ¢7 t) = PA (r7 07 qb)eizwt

the pressure amplitude P4 satisfies the Helmholtz equation, here writtten in spherical coor-
dinates with k = %
( 2 20 1

53t gt L+k52>PA(7’707¢>:0~ (7.8)

Expanding P4 in spherical harmonics one has

Pa(r,0,¢) = ZZfAlm Yim (0, ¢)

=0 m=-1

and

<d2 2d I(1+1)

B e 2 _
a2 T 2 +k7>fAlm(7“) 0. (7.9)

This is the spherical Bessel equation. Thus
Faim(r) = ammh{ (kr) + by b (kr)

so that

00 l

PA(T7 07 ¢) = Z Z (almhl(+) (kT’) + blmhl(_)(kjr)>yvlm(07 gb) (710)

=0 m=—I
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Consider the case in which the source is radiating into free space. Recall the large
x asymptotic form for the spherical Hankel functions,

FU+D)
hl(:t) (,I) ~ ¢ :I:m:'

€
T

Note that the hl+ represent outgoing spherical waves while the h;” represent incoming spherical
waves. Thus, since there is nothing to reflect waves back at the source, in (7.10) the coefficients

bim = 0 so that

o) l

A1, 0,0) = > 3 amhl ™ (kr) Vi (0, 0).

=0 m=—1

It follows that for kr sufficiently large

zkr ©©

Y Z i a1, Yin (0, ¢)

=0 m=—1

Pa(r,0,¢) ~

with

Z Z “ D4, Vi (6, 6).

=0 m=-1

To estimate F it is sufficient to estimate the a;,,. To make things concrete let the
source be some object, S, which is vibrating. Let the object be small enough to fit into a

sphere of radius 9. In the case in which
kro < 1

(physically this is the case in which the wavelength is much greater than ry) the a;,, can be
estimated. Introduce a second sphere, of radius r{, with ryp < ry < k —ﬂ and center both

spheres at the origin of coordinates.
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If rg < r < ry the k? term in (7.8) can be ignored so that V2P4 ~ 0 and then (7.9)

becomes

dr2 ' rdr >fAlm(r):O'

This is an Euler equation. The solutions which decrease as r increases are

(d2 2d I(l+1)

_ Om
fam(r) = 73

(this also follows from the small x asymptitics for hl(ﬂ (x)) so that, for ro <r <,

oo

l
PA(T‘79,§Z5) =~ Zrl% Z Oélm)/lm(07¢)'

=0 m=—I1
For r¢ small enough the acoustic velocity amplitude at » = ry should be close to the velocity
amplitude of the surface of the resonator. Further, through Euler’s equation, the acoustic
velocity amplitude at » = r( is proportional to VPA’ r—rg” Thus

1+2 27 8PA ‘
Oy, = — H—l/ / 9¢ —ro sin 0 d¢ db

l+2 27
:—iwpol+1// Yir(0,0) £ v(ro, 0, ) sin 0 dedf

is close to wpg 7’0 2 times the velocity amplitude of the surface of the resonator. Since r; < 7

it follows that

leY 1
Py(r1,0,0) = ﬁ + 2 (041,1Y1,1 +a1,0Y1,0 + 041,—1Y1,—1) + ...
1 1
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where the omitted terms are smaller by a factor of :—(1’ Now using

27
i = h(ﬂ / /Ylm 8) Pa(r1,0,6)sin 0.d0 do

one has

CL0,0 = ]{70400‘
Finally, to determine «gg use
V2Ps =0

and Gauss’s law giving

27 ™
P
/ n-VPAda:rg/ OPa _ sinfdfds
a5 o Jo Or '"=To

from which it follows, using Euler’s equation, that

—ipow?
ap,0 = n- VAdO'.
A e Jos

As long as agg # 0 the leading term in P4 is the first term so that, for r > A,

: 2 ikr

—ipow e
Py(r,0,¢) ~ ( - vad ) X
A(T, 0, 0) Tro /asn vado ) ——

In this case note that since

ikr

2 2
(V2 + k%) =

= —4mi(x)

one sees that P, is approximately the solution of

—q 2
(V2 4 k2)Py = PO ( / n.vAda>§(X)
c a8

which goes to zero as r — oo.

Example 7.9: Consider the non-relativistic quantum mechanics of a free particle of mass
m confined in a rigid spherical cavity of radius R. Given an initial state ¢(r, 6, ¢) the time
evolved state ¥ (r, 0, ¢,t) is the solution of the time dependent Schrodinger equation

o

_ih
“or T

Hy
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where ¥(r,0,$,0) = ¢(r, 0, ¢) and

P12 20 1<1 ) G, 1 a2>]

S e AT (A Sy T
om |0r2 " ror T r2\smeoe 8¢9+sin298¢2

in a sphere 0 < r < R subject to Dirichlet boundary conditions (R, 0, ¢,t) = 0 on the

boundary.

Given the eigenvalues and eigenfunctions A, 1, of H one has

Y, 0,0,t) = Y _(x, ) eFMr(r, 0, ).

A

Thus, the problem reduces to the eigenvalue problem for H,
(H — M)y =0.
To solve by separation of variables write
(r,0,8) = fim(r)Yim(0, ¢).

One finds that

oz Trar T +h2

((‘92 20  I(l+1) 2mA>ﬁm<T):0.

One has

Jim (1) = NimJi( - T)

with the eigenvalues A determined by

If 2; ; is the 3% zero of ji(x) then the eigenvalues are

(thlJ’)Q

Al’j - 2m

Example 7.10: We find the solution of

(V2+EHf(x)=0
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which satisfies

f} Ixl|=r0 = 1 + sin 6 cos ¢.

and has the large ||x|| = r asymptotic form

eikr
foo~ S
This example is rigged to be easy:
2
1+ sinf cos ¢ = Var Yoo — ?” (Yl,l(e, ) — Yi._1(0, ¢>)>.
Thus
f(x) = foo(r)Yoo + f1,1(r)Y1,1(0,9) + f1,-1(r)Y1,-1(0, ¢)
with
> 2d 5
(2 sk =,

fo,0(ro) = V4m and f(r) — 0 as r — oo and

(d—2 L 242 +K2) fre(r) =0,

dr?  rdr 1?2

fix1(ro) =F %” and fi +1(r) = 0 as 7 — oo. It follows that

41
Joolr) = %
hO

h§? (kr
— (kr)

and
27

3
f1,ﬁ:1(7“) = :Fh(T
1

W (k).
(k?“()) ( )

so that
RSPk B (k)

WS (kro) R (ko)

fx)

sin f cos ¢
i 1
TO ife(r— 22 T Tr ik(r—ra)
= Deiklr 7ﬁO)%—%eZk(r 7o) sin 6 cos ¢.

r kQTg krg
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Eigenfunction Expansions II: infinite domains

Consider a second order ordinary differential operator

d _d
L=—P—
dx d:zc+Q

on an infinite domain, say (a,00). Let

= [ 152 s

be a norm. Note that if f, g have finite norm then f,g — 0 as x — oo. If f, g have finite

norm and P is bounded for large enough x then

itg) = [ F@ige) s
= (Lf,9) = P(a)(F@)g/(a) - ['(@)g(a))

so that L is self-adjoint on (a, 00) if

P(a)(Fla)g'(a) = Flag(a)) = 0.

Note that a Sturm-Liouville boundary condition at a,

af(a)+Bf'(a) =0

with a and 8 both real, is sufficient to make L self-adjoint.
Self-adjoint operators on infinite domains have generalized eigenfunction expansions.
Consider the differential equation

Ly = eRyY

where R(z) > 0 and € € R. If, given ¢, there is a solution ¢ with finite norm, ||¢|| < oo,
then € is said to be an eigenvalue and 1 an eigenfunction. Typically, the set of eigenvalues is
discrete. If, given €, there are no solutions with finite norm, but there is at least one solution

which is polynomially bounded,

|9 (x)] < const (1 + [x[")
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for some n, then € is said to be a generalized (or continuum) eigenvalue and 1 a generalized

(or continuum) eigenfunction. Typically, the set of generalized eigenvalues is a continuum.
Let the eigenvalues and corresponding eigenfunctions be given by €; and 1; respec-

tively. Let the continuum eigenfunctions be ¥, (¢, ) and let I,, be the domain over which ¢

varies. The facts are that one has the orthogonality relations

<¢j=¢k>R = 5]'1{:7 <¢n(€7')7¢k>R =0, <¢n(€7')7wm(n7')>R = 5nm5<€_77)7
with
(.0n= [ Do) Bla) da.

and the completeness relation
S 6@ TR + 3 [ balea) Pale IRl de = G =)
i n I

An immediate consequence is the generalized eigenfunction expansion of a function

f relative to L and R:

ijcng +Z/ Fu(k )6, ) de

with
= <¢J7 f>R

and
fn(e) = (Ynle,), fir

The operator L is diagonolized by the eigenfunction expansion in the sense that

Lf(.%‘) = ZEJCJ ?,b] + Z/ efn 7»Dn(e ZIZ)

J

Note that solving the differential equation (L — Re)y = 0 can only determine ¢ up
to a multiplicative constant (constant in x, but possibly dependent on €). In order that the
orthogonality and completeness relations return one times the delta function the multiplica-
tive constant must be chosen appropriately. This is completely analogous to normalizing an

eigenvector, and the constant will be called a normalization factor.
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Note that the normalizations are determined only up to an arbitrary complex phase
since (e, e?)p = (¢,9)g. Further, it is common in the integral over the continuous
spectrum to integrate over some variable other than the eigenvalue parameter € (a frequent
choice is wavenumber k given by € = k?). If \ is some parameter related differentiably to e

then the completeness relation can be written

S wi@ BRw + 3 [ ):2) Tl D) R(y) GA = By (&~ )

I )

so that the continuum eigenfunctions normalized with respect to A, ¢, (A, z), are given by
d
Gn(A @) =\ b e(N), 2
Example 8.1: For L = j—; on (—o00,00) all of the solutions to 1) = e are of the form
Y(x) =aeV® +be VT,

The only way for these functions to be polynomially bounded for all z is if € € (—00,0). In
particular, there are no eigenvalues but there are continuum eigenvalues (—oo,0) and, given

€ € (—00,0), continuum eigenfunctions
N (e)etVer,

The normalization factor can be determined either by the orthogonality relation,

NL (N (n) / " E VI gy = 2N (N (m)I(VE - )
= 4m\/e N1 (€)N+(n)d(e — n)
= d(e—m)

so that one may choose

or by the completeness relation,

Z/ |N:|: |2 +iv/e (z—y) dE_Z/ k2 |2 +ik (z—y) 2edk
:/ N (k2)[2e™ =) 9| |k
=d(z —y)
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so that, again, one may choose

Ni(6> = “ 471'1\/%'

Setting € = —k? the generalized eigenfunction expansion is just the Fourier trans-

form. The completeness relation becomes

o —y) = / —— _etVelEmy) g
1 oo

:% .

etk (@=y) g

Example 8.2: For L = % on (0,00) with Dirichlet boundary conditions 1(0) = 0 all of
the solutions of the differential equation 1" = e) which satisfy the boundary conditions are

of the form
Y(x) = a sin(v/—ex).

They are are polynomially bounded for all > 0 only if € € (—o0,0). Setting ¢ = —k? and
noting that changing k£ to —k gives nothing new, one obtains the generalized eigenfunction

expansion, often called the Fourier sine transform,

flx) = /O b f(k)a sin(kz) dk
with
F09 = [ s a sk

The normalization constant, a, can be determined by the completeness condition

5(0,00)@ —y) = / |a|2 sin(kx) sin(ky) dk
0

_ _% / a2 (M) _ k(o) _ gmik(a—) _ —ik(e+n)) g
0

e
= ZJa 6z — ).

Since z and y are both positive, é(x + y) = 0 so that it is sufficient to choose
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Similarly there is the Fourier cosine transform

_ \/g /O " Ak cos(kz) di
_ \/g /0 " b cos(k) da

corresponding to Neumann boundary conditions at x = 0.

with

Example 8.3: As an application consider sound propagation near a wall. Let the wall be
at x = 0, let the pressure be constant in the y direction and suppose the sound field at z = 0

is known for all time and that the sound is propagating in the z direction. Then

P(x,z,t) / / a(q, z,w) cos(qx)e™ ™! dq dw.

Applying the wave equation to P one finds that

0? w?
(@‘f’ 5 —CIQ) (¢,2,w) =0
so that
. 2
a(q, z,w) = a(g,w)e'V ' qz+6q, e Vi
and thus

Y .
(z,z,t) / / q 4+ Blq,w)e 'V 21 Z) cos(qr)e” ™" dq dw.

For the sound to propagate and remain finite in the direction of increasing z one
must have a(q,w) = 0 for w < 0 and S(q,w) = 0 for w > 0 and the square roots must be
defined so that, for ¢ > ||, the exponentials decrease with increasing z. Then, taking into

account the reality of p, one may write

P(x,z,t) = —Re/ / a(q,w Vi e et cos(qz) dq dw
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choosing the square root here to have non-negative imaginary part. Since P(x,0,t) = f(x,t)

is known one has
1 o0 O )
a(qw) = — / / f(x,t) cos(qz)e™! dx dt.
T J_c0JO

Substituting back into the integral for P(z, z,t) one can compute P(x, z,t) for all t and z > 0.

In particular, one can study diffraction near a wall: choose

_ Jcos(wpt) if0<z<x
f(x’t)_{() if © > xg.

Then

o(g.e0) = ZI70) (5

w—uwp) + o(w +w0)>

and

2 ¢ . [ )
P(z,z,t) = — Re/ Mez V@m0 Rt cos(qa) dy.
0

m q

Example 8.4: Consider
d2

L=-2
dx?

on (0,00) with the boundary condition ¢'(0) = —a(0) for some positive constant a. The

eigenvalue problem
d2

(—@—EWZO

has the general solution

Y(x) = N (Ve cos(vex) — asin(vex)).

These solutions are bounded for € > 0 so that the continuous spectrum is (0, c0). Normalizing

with respect to k = /€ one has
Y(x) = N (k cos(kz) — asin(kz))
= NV k2% + a? cos(kz — arctan(%))

so that (by comparison with the cosine transform)

/ 2
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In addition to the continuous spectrum there is one eigenvalue corresponding to the
square integrable solution obtained when € = —a? or y/e = ia. The corresponding normalized

eigenfunction is

o(x) = V2ae ",

The resulting eigenfunction expansion is

F() = cov2a e 4 \/g/ooo c(k) cos(kx — arctan(%))

with

co = /000 V2a e f(z) dz

c(k) = \/g /0 ~ cos(ka — a,rctan(%)) f(z) dz.

Note that when a = 0 one obtains the cosine transform and in the limit a — oo one obtains

and

the sine transform.

Example 8.5: Now consider

where

u(z) = 0 if |[z| > 1
-\ -D if|z| <1

Then the solutions of

(L—e€)yp=0
can be constructed as follows. Let k = y/e. One has
A_etkr 4 B e~k ite < -1
77/)(5[;) = qeiVk*+D = + he—iVET+D = if 1 <zr<l1
A eh* 4 B, e~k ifl<uaz

with the conditions that ¢ and its derivative be continuous at x = +1. It follows that

e—zk ezk A e—i\/m ei\/m a
ike=®  —iket* )\ B_ ] T \ivVk2 £ DeVF+D  _i\/kZ £ DeVFFD | \ b
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and

ezk 6—2k A+ ei\/m e—i\/m a
(ikeik —ike‘ik) (B+) - (i\/kﬁ + DeiVk*+D _ime—im) (b)

so that
A\ Ay
(5)=7(5)
where
o—ik etk 7! o—iVEZFD oiVE*+D
r= (ikze_““ —ikeik) (i\/k:2 + De WD /2 + Deiv"?”D)
oiVEZFD o—iVEZ+D L ik o—ik
| (Nmeww _ime—Ww) (Zl{:ek _ike—ik)
_ (Tn(kz) T12(l<:))
To1(k) Too(k)
with
1 , )
_ 5 2 2i(k—Vk2+D) _ (1. 5 2 2i(k+vk2+D)
Th1 (k) —4k\/m<(k+\/k: + D)%e (k— Vk%+ D)“e )
D
Tio(k) = ——————=cos(Vk2+ D
D
T (k) = ——————=cos(Vk2+ D
21 (k) W TEED (v )
and
1 : 2 ; )
Tao(k) = ———((k + Vk2 + D)?e*TFVEHD) _ (| — /]2 4 D)2~ 21+ VATED) )

If € > 0 then k is real and v is polynomially bounded, but does not have finite norm.
Thus (0, 00) are all continuum eigenvalues and, given € € (0, 00), there are two corresponding
continuum eigenfunctions. (They can be taken to be what one obtains with A_ # 0, B_ =0
and A_ =0, B_ # 0, or whatever linear combinations are convenient).

If € < 0 then k is pure imaginary and can be chosen to have positive imaginary part.
Then 1) grows exponentially unless both A_ = 0 and B, = 0. But this is possible only if
T11(k) = 0. Given such a k, ¢ decreases exponentially and is of finite norm so that ¢ = k? is

an eigenvalue. Setting k = iv/D k the condition 71 (k) = 0 becomes

—Kk — 1V 1 — K2

121
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with k # 1.

For k > 1 one would have

e\/B\//{Q_l:_H_i_ /1%2_17

but the left side is positive while the right is negative, so there are no solutions with « > 1.

For 0 < k < 1 one can break into real and imaginary parts. One finds

cos(\/ﬁvl—ff?) =—

and

Sin(\/ﬁ\/l—KQ):\/l—liz.

In principle, since this is two equations one can not expect a real solution, but these two equa-

tions are actually equivalent, since cos = —x implies that sinf = v/1 — cos20 = /1 — k2.
The most convenient one to solve is the second. Solving amounts to finding the values of
€ (0,1) for which sin(v/Dz) = x. For /D < 1 there are no solutions. For v/D > 1 there

is a least one solution, with the number of solutions increasing as v/ D increases. For each

solution x there is an eigenvalue ¢ = —(1 — 2%)D.
Now let D > 1 and let 1,...,% N be the normalized eigenfunctions corresponding
to eigenvalues €1,...,ex. For the continuum eigenfunctions let ¢ _(k,-) be the normalized

solution with A_ = 0 and B_ = B and let ¢4 (k,-) be the normalized solution with B_ =0
and A_ = A. To determine the normalization constant for the eigenfunctions it is sufficient
to compute ||| and check that it is 1. For the continuum eigenfunctions we will use the

completeness relation

205 +Z/ s () 0x (b, )

i

[ ey .
Since the 1; go to zero exponentially as + — —oo if we let both  and y go to —oo we get
iz —y) = / BAe @Y g,
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so that it is sufficient to choose A = B = oS

Applications: This operator arises both in the quantum mechanics of a particle of mass m in
a square well in which the Hamiltonian is H = %L and in the one dimensional Helmholtz
equation with slower wave speed in a finite region in which

e if |z > 1
C(x)_{co—é if |[z] <1

and

In the former case a representation of the time evolution operator may be obtained by eigen-

function expansion:

N
R2

HEEy) = ST kRO + [ R a)p (k) dk

— 00

(x

j=1

In the later case the possible free vibration fields y(x,w) at (angular) frequency w of the
string may be obtained by eigenfunction expansion:
N oo

) =S i)+ [ clh) i) d

j=1

— 00

Now let’s apply this machinery to Bessel’s equation,

d—z—{—li—m—Z—e)w(:c):O.

(dx2 rdr  x?
Thus, we are considering the operator

d? 1d m?2

L= .
dz?  xdxr 22

Note that L can be related to the standard form
1/,d _d
L+k=— (-P— K2 )
+ P\dz dx TR
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by choosing % = % so that

The most common example is to take z € (0,00) and, as a boundary condition,

insist that 1 be finite. Then
v(vV—e,z) =adn(V—ex).

This function is polynomially bounded only if /—e is real. Thus, L has only continuum

eigenvalues; (0,00), for m > 0, and [0,00) for m = 0. The completeness relation gives,
setting k = \/—¢,
/ (T (k) o (k) y 2k = 8(2 — ).
0

To determine a let x,y — oco. Then, recalling the large = asymptotic form for .J,, from

Example 5.9,

2 _mr T _mr T
\/7/ |a|® cos(kx 5 4)cos(k’y 5 4)dk

from which it follows, writing the cosines as sums of exponentials and using the Fourier

transform completeness relation, that
ja? =
Thus one can write the completeness relation as

/0 " (k) T (ky) y k dk = 5(z — ).

The transform obtained in this way is known as the Hankel transform. Given a

function f the Hankel transform is usually written

F(k) = /OOO 2 I (k) f(z) do

so that the inverse transform is given by

f(z) = /OOO k Jo (k) (k) dk.
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Other transforms can be obtained by choosing different boundary conditions. For

example, consider = € (a,00) for a > 0 with the boundary condition

W(a) = 0.
Then
P(V—=€,2) = AJpn(V=€x) + BYn(vV—cx)
with
AJn(V=ca) + BY,(v—€a) =0
so that

(Ve ) = A(Jm(ﬁ@ - %Ym(ﬁ@)

This function is polynomially bounded only if /—e is real. Thus, L has only continuum

eigenvalues; (0,00), for m > 0, and [0,00) for m = 0. The completeness relation gives,

setting k = \/—¢,

2/000 AP (T (k) - ;]/ZEZZ; Vo (k) ) () — %Ym(/@)) yhdk = 6(x — y).

Again, to determine |A|? let 2,y — oo. Recalling the large = asymptotic form for .J,, and

Yma

oz —y) = %\/g/ooo |A|2<cos(krac — g — %) — }J/:EZZ; sin(kx — % — %))

Using the identity
acosf + Bsinf = /a2 + 52 cos(f — tan™!

one finds

iz —y) = %\/g/ooo |A|? (1 + (}{:E:Z;f) cos(kx — ¢(k)) cos(ky — ¢(k)) dk

with




FEigenfunction Expansions I1

Choosing

|A]* =

T (ka)\ 2
2(1+ (§202)%)
and noting that
lim - (ei’f(w+y)—2i¢(k) + e—ik(:c+y)+2i¢(k)) dk
T+Yy—>00 0
= — lim 1 /OO <eik(x+y)ie—2i¢>(k) _ e—ik(x+y)ie2i¢(k)> dk
z+y—oo z(x + y) 0 dk dk

=0

the completeness relation becomes

/oo (I (k) = 32535 (k) ) (T () = 7253 Yo ()
0 L (3

If the transform associated with this completeness relation is chosen to be

ykdk = §(x — y).

F0 = [ 1) (i) 320 )

then the inverse transform is

~ Tn(ka k
fla) = /0 Fk) (T (k) - YmgkagYm(kx))Wcﬂk.

Example 8.6: Consider sound propagating from the ground. Let the normal component

of the acoustic velocity field be known at z=0,

v,(r,0,0,t) = f(r,0,1).

Let
1 02
2_ 9 \p_
< c? 6152) 0
Writing
P(r,0,z,1) 27r Z / / (K, 2,w) €070 g (k) kdk dw
one has

((j—; —k2+—2>P (k,z,w) =0
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so that

w2

Pk, z,w) = Ap (k,w) eV ez T+ =

To determine A,,(k,w) use the boundary condition at z = 0,

0,t) 1 < [ [% 2 mo—i
_po%:% Z/ /0 A (k) iy S5 = k2 €075 g (kr) kk o

so that
pow o] o0 27 ) )
A (kyw) = —— / / / f(r,0,t) e tmot+ivt Sy (kr) vd0 dr dt.
/4;1_2 — k2 /=00 JO 0
As a concrete example let
1
f(r,0,t) = =0(r)o(t).
T
Then
W
A, (k,w) = 21poCom o0 ————
so that

P(T,Q,Z,t) = 27Tp06/ /0 \/ﬁ ei\/ ‘Z—;—kQ z—iwt Jo(]{?T‘) kdk dew.

— 0o
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Integral Transforms

An integral transform of a function f(z) relative to a family of functions h(k,z) is

the linear transformation
(TF)(k) = /h(k,x)f(x) dz.

In most cases there is also an inverse transform from which f can be recovered.

f(z) = / Rk, ) (T F) (k) dk

The class of functions for which the transform exists depends on h.

The most common integral transform is the Fourier transform:

£ zkzx

x)dx. 9.1
e m/ O
Given the Fourier transform, f , the original function, f, can be reconstructed using the

Fourier inversion formula,

f(z) ™™ f(k) dk (9.2)

\/ 2T /

Note that substituting (9.1) into (9.2) gives the completeness relation
L e* =) gk = §(x — 2')
2m

and substituting (9.2) into (9.1) gives the orthogonality relation

1

et kT g — §(k — k).
o

1l = \/ / 2|2 da (9.3)

is preserved by the Fourier transform in the sense that

e =5 [ ([ Z”“’ﬂdk) () et da) s

//f (k— q) da di
:/_Oor<>|2dk

Note that the norm
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so that we end up with the relation

L1 =11

Integral Transforms

Another identity arising for Fourier integrals is the relation between convolution and

multiplication. The convolution of f with g is given by

(e = [ " g — ) f(y) dy.

— 00

Substituting the Fourier decomposition of g and f into the convolution gives

oo

) ( / ik g () ar) /

- —o0

o0

/_ G (k) f(q) 6(k — q) dq dk

- / e=*g (k) f (k) dk

(f* g)(k) = v2r (k) f (k).

Some examples of Fourier transforms: First, a Gaussian,

1
(f 9)(a) = o
s
so that
Example 9.1:
gives

1 k2

g eiﬁ.

V2

e~ f(q) dq) dy

Note that the Fourier transform of a Gaussian is a Gaussian. Further, the broader f is the

more sharply peaked f is, and conversely.

Now consider a Lorentzian,



Integral Transforms

To compute the Fourier transform it’s best to use the calculus of residues. One finds

R 1 SO 1
k) = ikx d
J (k) V2T /ooe x2 4+ N2 o

. 7T1 —)\|k‘
_\/g)\e '

Again, the more sharply peaked the Lorentzian, the broader it’s Fourier transform. Note that

the Fourier inversion formula shows that the Fourier transform of e~*#l is

0= e

Finally, consider a square pulse,

(1 ifa<z<b
f(z) = {O otherwise.

Then

b
f(k) = \/LQ_W/ et dy
1

o (ez‘kb _ eika)_

Not all functions can be Fourier transformed. For example, f(x) = e has no
Fourier transform. In general any integrable function has a bounded Fourier transform, and
any function for which the norm (9.3) is finite has a Fourier transform with equal norm.
The general question of what functions can be Fourier transformed and what the Fourier
transform means (recall that the Fourier transform of 1 is 6(k) so that it doesn’t exist even
though we know how to make sense of it) is involved. Further, given a function which can be
Fourier transformed there is an extensive theory which indicates how regular a function the
Fourier transform is. Let’s see what can be said of the examples above.

Note that for the square pulse f goes to 0 as £ — oo much more slowly than in the
previous two examples. This is typical of Fourier transforms of discontinuous functions. In
fact there is a relation between differentiability of f and the rate at which f(k) — 0 for large
k. Explicitly, if f is n times differentiable on R but not n + 1 times differentiable, with f()
bounded and

lim fO)(z) =0

Tr—r 00
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for j € {0,1,2,...,n} then one can integrate by parts n times giving

p _ 1 ooeikx (n)x T

Assume further that the non-differentiability of f() arises from a jump discontinuity at z = a.

Then
oy L © ke pn) ke p(n)
G M(W(/we / (x)dx+/a it 00 () da )
1

:W<eika (f(n)(a . O+) o f(n) (a + 0+))

—l—/ etkr fn D) () d:c—l—/ etkr fn D) () dx).

— 00 a

Note that additional integrations by parts won’t increase the power of % so that the rate

at which f (k) = 0 as k — oo is kin If there are additional isolated singular points the

integration region can be broken up further, and the singularities dealt with individually.

The small k behavior of f(k) is determined by the large  behavior of f(z) in the

sense that

~

o= [t

0) = % / T () de

so that the differentiability of f (k) at k = 0 is determined by the rate at which f(z) — 0

Further,

as x — oo. It is a fact that f(k) is analytic if f(x) — 0 exponentially fast as # — co. The
converse is true if f is analytic and integrable in a strip: the rate of exponential decrease of
f (k) is the distance from the real line to the closest singularity of f. This is precisely what

happened for the Lorentzian.

Example 9.2: Consider a problem in one dimensional acoustics: a sound source at z = 0

given by a velocity condition
v(0,t) = f(¢).
Then the acoustic pressure satisfies the wave equation

(82 1 02

5z~ ) Pl =0
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with the boundary condition

oP
%lmzo - _pOf/<t)

Since this is one dimensional we can solve the problem:

P(x,t) = pocf(t = ).

However, this approach cannot be generalized to higher dimensions, so we will see how to use

Fourier transforms to solve this problem.

Write
fzwt
10 = g [
where
£ zwt
fr= gz [ s

is the Fourier transform of f. Similarly write

P(z,t) et Py (2, w) dw.

vl

Here Py (z,w) is the Fourier transform of P(x,t) with respect to ¢t. Then

0?1 82 .
= (= _— . —zw P
0= (8362 02 ot? \/27/ A(@,w) dw
0%  w?

—zwt

\/ 27T (95132

with the boundary condition

+ c—2)PA(x,w) dw

0 1 o it o 0 1 > —iwt ¢
%\/—2_7/—006 PA(m,w)dw|$:0— poa\/—Q_ﬁ/_ooe f(w)dw

It follows that

<aa—; + w—Q)PA(a: w)=0

with the boundary condition

8PA(£C,LU)

D ‘m:() = ipowf(w). (9.4)

Solving one finds
Pa(z,w) = pocf(w) %"
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so that

_ Poc / f —zw(t—%) dw

= pocf(t — E)

Now, rather than radiating into free space, imagine the source is mounted at one

end of a closed resonator of length L. Then in addition to (9.4) one has

aPA;j’ W) |:c:L - 0
so that . .
Py(z,w) = % COS (%(L — .:z:))

Example 9.3: Now consider a radiator in 3 dimensions. Let S be the surface of the radiator.
For a point s € S let the normal component of the velocity of the radiator be u(s,t). Then

the acoustic pressure satisfies

(v~ c%g—;)za(x, H=0

with the boundary condition

ou
—n- VP|X€S = pga.
Fourier transforming with respect to time,
u(s,t) Wt
u(s, \/ 2w /
and
P(x,t) / Py(x,w)e” ! dw,
( \/ 2 Al
one has

<V2 + C;)—QZ)PA()(,(,‘J) =0

with the boundary condition

n-VPs| o= ipowi.
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If the radiator is in free space then there is an additional boundary condition at
spatial co: the pressure wave must be outgoing so that it satisfies the Somerfeld radiation

condition

P4(x,w) ~ const

for large ||x||. This problem was studied in Example 7.8. Change to spherical coordinates

and recall that for “7 > 1 one has (if the integral is not 0)

1Lr

Py(x,w) =~ _wa</sﬁ(s,w) da(s)) €

r

_ els < (r—ct)
P(x, Z'OO / / u(s,w) do(s) —— dw
271'2

P(x,t) ~ 0 / / 20—t iy do(s)

2271'2 r@t

_ &afsu S, _E) dO’(S)
47 r '

It follows that

so that

As a concrete example consider the case in which the source begins vibrating sud-
denly at ¢ = 0. Assume the vibration is at frequency wgy, but with exponentially decreasing

amplitude so that
0 ift<o0
/S u(s,t) do(s) = {A e " cos(wpt) ift>0 (9-5)
for some wp € R and A,v € (0,00). It follows that

Po . 0 ift <
P(x,t) = A — [5(75) — Re(iwo +7) { Le=(wotm(t=5) jf ¢ >

oIRols

if r is large enough. The 6(t) is the spike in P which arises from turning the velocity on

suddenly at ¢t = 0.

Example 9.4: The previous example solved a boundary value problem by Fourier trans-
forming in time. Now consider an initial value problem. Imagine that the acoustic pressure

and it’s rate of change are known at t = 0,

P(x,0) = f(x)
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and

oP
EL&:O = 9(x)-

Then
(v 82>P(x,t):0

o2

with the initial conditions given above. Fourier transforming with respect to x one has

1 k-x
P(x,t) = ) /R3 pk, t)e** @3k
with
1 92
(k ko 0—2@>p(k,t) —0.
Setting

E=vk-k
there are coefficients a(k) and b(k) with

1
(2m)?

Plx,t) = /R (al1) cos(ck) + () sin(ek) )™ .

Applying the initial conditions gives

and

Example 9.5: A linear integral operator acting on a function f is a transformation of the

form
(ff)(t)z/_ G(t,s)f(s)ds.

Sometimes G is referred to as the integral kernel of this linear operator. Now consider a

linear, time translation invariant operator. Translation invariance means that

/OO G(t,s)f(s)ds = /_00 Gt+71,s+7)f(s)ds

— 00
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for any 7. Choosing 7 = —s one sees that the only way for this transformation to be time

translation invariant is if

G(t,s) = g(t —s)

for g(7) = G(7,0). But then
FENw= [ gt-9s)ds

— 00

is just a convolution so that Fourier transforming yields
(FHw) = v2r jw) fw).

Linear time translation invariant filters abound in practice. The impedance in a
one-dimensional acoustics problem is an example. If a linear relation exists between P(z,t)
and v(x,t) at some point xy then, assuming that the mean state of the fluid in question is
constant in time, the relation between P and v must be time translation invariant so that on

Fourier transforming one finds that there is a function Z(w) with

P(zg,w) = Z(w)0(z0,w).

Similarly, if some electro-acoustic transducer is sufficiently linear then there is a
time translation invariant (assuming the characteristics of the transducer don’t change with
time, which is in practice never true, but reasonable over short enough spans of time) linear
relation between the pressure on the face of the transducer, Py(t) and the voltage, V(¢) (or

current, I(t),) produced by the transducer. Fourier transforming yields the relation

Pr(w) = M(w)V ().
Perhaps the most well known examples are provided by A.C. circuit theory. Given
a voltage source V (t), the current I(t) at some point in the circuit is related to V' through a

frequency dependent impedance Z(w) through Ohm’s law

N

Vw) = Z(w)I(w).

Circuit diagrams provide an algorithm for producing Z from the impedances of individual

circuit elements.
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As a concrete example consider a resonator of length L with

(o) a0,

Py(L)=0
and
P4(0) = iwpotio(w).
Here 1g(w) is the Fourier transform of the piston motion and « is small. Then

iwpotip(w) cos ((£ + ia)(L — z))
(£ + i) sin (£ + i) L)

Py(x) =

It follows that the impudence at x = 0 is

?A(O) = iwp? cot ((%} +ia)L).

In particular the acoustic pressure at x = 0 is

P(0,1)

t) \/% / WPO cot ((%} + ia) L) dip(w) e ™" dw.

Some words about doing the integral above. If 4p(w) is analytic in the lower half-
plain then the integrand has a second order pole at w = —ica and simple poles at w = jF —ica
for j € {£1,42,...}. Further, if 4p(w) is polynomially bounded then (since ¢ > 0) one can

close the w integration contour in the lower half-plane. One obtains

2 s ’OéL o
P(0,t) = \/27TpOLC Z 2 jz (v (j% — jca)e” (T Fea)t

J#0
+V 27r'00—62 (1 — act)iig(—ica) — iacty(—ica) Je™
L ’ 0 '

Note that

0) = Nt /_ _ u(t) dt

In practice u(w) is 0 near w = 0 because so that the piston, on the average, stays
at £ = 0. Thus the j = 0 term is usually negligible. Further, @(w) is often not analytic
everywhere, but just in a neighborhood of some of the poles j9= — ica. There are two

extreme cases to consider.
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In the first, the piston vibrates at essentially one frequency, say wq, so that 4(w) is
essentially a delta function,

t(w) = Ad(w — wo)

and the integral above is straightforward.

In the other case u(w) is non-zero and slowly varying relative to the cotangent. In
this case, the integral is dominated by the regions close to the poles where @ (w) is non-zero.
Then the cotangent can be approximated by it’s leading term. Assuming that 4(w) is non-zero

only in a neighborhood of w; = jF — ica one can use the asymptotic formula

1 iwipg L . L /°° 1
P O,t ~ J . twjt - - 4
(0.2) V27 (2 +ia) ¢ Clolwy)e oo W —wj Fiac “

al
_Z_ ;5 CTC
- pOLC Var? (i —dea)e” (T e

The last transform we’ll look at is the Laplace transform. The Laplace transform
is not directly related to a self adjoint operator. Instead it is a variation of the Fourier

transform. The Laplace transform of a function f defined on (0, 00) is

_ /OOO F(z) e da.

The transform can actually be inverted. The inversion formula is

1 Y+ioco
= ST Jg
f(z) L f(s)e** ds

211 —ioo
Any ~ which is to the right of all the poles of f(s) will work. To see that this inversion

formula works note that

| oo yioco
— f(s)e**ds = o z/ / f(y)e*=Y) dy ds

27'('7, ~—i0o
/ / e Y f(y ew(@—y) dy dw

0 ifz <0
f(z) ifz>0.

Note that another form of the restriction on + is that the function

_ 0 ifz<O
v .
€ f(z) {1 ifxz>0

have a Fourier transform.
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Green’s Functions

Let L be a partial differential operator in variables xy, s, ..., z,. In general, a

Green’s function for L is a solution of the equation

LG(Z1,Y1y -y Tn,Yn) = 0(x1 — y1)0(z2 — y2) - - 6(xp, — Yn)-

Note that a Green’s function is not unique. Given a Green’s function G(z1,¥y1,...,Tn,Yn)
the function G(x1,y1,...,%n,yn) + f(x1,22,...,2,) is also a Green’s function whenever
Lf=0.
Example 10.1: Let
d2
=
If
d2
12 G, y) = 0(z,y)
then

1
G(z,y) = lz —y| +az+b
for any constants a and b.
If

then in R2

is a Green’s functions and in R?

-1
Gx,y) = ————
)= =1
is a Green’s function.
Now let
L=V?+k?
in R3. Then

(V2 +E)G(x,y) = d(x —y)
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implies that
-1

b ikl
Ar|x — v

G(x,y) =
is a Green’s function for L.
These last three examples are all called free space Green’s functions. They can all
be obtained using Fourier transforms. The functions

(%) = Gy /R Tz aor @4

are free space Green’s functions for V2 on R" and

G 1 efa(x—y) o
Y) = Gay /R 2P it ¢

are free space Green’s functions for V2 + k2 on R".

Now let G; and G5 be different Green’s functions for the same operator L. Then
L(G1 —G2) =6(x—y)

so that GG1 and G5 differ by a solution to L f = 0. This allows one to choose a Green’s function
satisfying some boundary conditions. Given any Green’s function G one must choose an f

with Lf = 0 so that G + f satisfies the desired boundary conditions.

Example 10.2: Let’s construct a Green’s function for
L=V*+k

in {(z,y, 2) € R*|z > 0} which satisfies Dirichlet boundary conditions at = 0. Let

-1

- - ik||x—x'||
4r||x — x'||

G(x,x’)

be the free space Green’s function for L. Given



define

Note that if X’ is in the domain then X’ is not. Thus
LG(x,%') =0

so that

Gp(x,x') = G(x,x") — G(x,

Green’s Functions

is a Green’s function. A moments reflection shows that when z = 0 one has Gp = 0 so

that Gp is the desired Green’s function. The procedure used is known as the method of

images. The Green’s function for the Helmholtz equation which satisfies Neumann boundary

conditions at = 0 can be constructed similarly:

Gy (x,x") = G(x,X') + G(x,%X).

This Dirichlet and Nemann Green’s functions can also be constructed using eigen-

function expansions, a sine transform in the Dirichlet case:

2 [ [ [ gin(gux)sin(ga’) ety (y—y)Fia:(z=2)
Gp(x,x') = _3/ / / (gz) 2(q ) i
Q —oo J—o0 JO k* — HqH + 0%

and a cosine transform in the Neumann case:

2 [ [ [ cos(qux) cos(qux’) ety Y=y ) Figz(z=2")
Gn(x,x) = _3/ / / (i) 2(q : 2 10t
m —o00 J—o0 JO k* — HqH + 0

dq$ de dQZ )

dq. dqy, dq..

There is a general technique for constructing Green’s functions for ordinary differ-

ential operators of the form
d

d
L=2P" 4q,

:dac dx

(10.1)

for x € (a,b), satisfying any specified boundary conditions at a and b. To construct such a

Green’s function let 1); and ¥y be any solutions of

dx
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with v, satisfying the given boundary condition at a and 5 satisfying the given boundary

condition at b. Then

G(r,y) = c1(zv<)ba(z>)

with £ = min(z,y) and z<~ = max(z,y). The constant c is determined so that

y+e
1=1 o(x —
) (z—y)
. y+e d d
= 161%1 - (@P% + Q) G(z,y)
. . d Yy+e
= Ply)lim Gz, y)],

= ¢ P(y) (¥1(0)5(v) — ¥ ()valv) ).

Recalling the Wronskian,

1
°” P(y)W(1,v2;y)
so that
Glz,y) = —lZ<)¥a(z>) (10.2)

P(y)W (1, 92;59)
Abel’s formula shows that ¢ is indeed a constant.
Often one is given an ordinary differential operator in standard form rather than

the form (10.1),
¢  Px)d Q)

[ a4
dx? + P(x) dx + P(x)
B 1
~ P(x)
Note that one has
~ 1
LG(z,y) = %5@ —v)

where G(z,y) is given in (10.2) so that
LG(z,y) = 6(x —y)

where

G(x,y) = P(y)G(x,y).
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Example 10.3: The simplest example is

d2
T da?

on the interval [a,b] with boundary conditions
aaf(a)+ Baf'(a) =0

anf(b) + Byf (b) = 0.

For this example the general solution of l1) = 0 is

Y(x) = A+ Bu.
It follows that one may choose
Qa0 + Dg
pife) = — 20ty
Qg
b+
Qp
Thus
o 1 Qga + ﬁa Oébb + Bb
G@.y) = qrazg —awim " 4, eI ).
Qg ayp

Example 10.4: Now consider the 1-d Helmholtz equation on the line

d2
L=— +Fk.
dxz? +

The homogeneous solutions are all of the form
Y(z) = Ae*® 4 Be™ e,

Note that if
¢1 (.’L’) _ Alez’kx + Ble—ikm
¢2<x) — A2€ikx + BQe—ikm
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then
W(11,v2) = 2ik(A1By — B1As).

In this general case one has

1

G Y) = = A By = BrAy)

(Aleikm< + Ble—ikw<> (A2eikm> + BZe—ikm>)

The various Greens functions are determined by the homogeneous solutions they
are asymptotic to as x — +o0o. The “outgoing” Greens function is given by choosing A; =

0 = By. One finds in this case that

1 .
G(m,y):ﬁemm vl

If k is pure imaginary, k = ik, then the bounded Greens function is given by

1 —k|z—
G(l’,y) = —%6 | y|.

I = = - “ -
da:2+ a:d:c+6.r2
1d ,d 1
xodx” dx 2

Solutions of the related ordinary differential equation may be obtained using the Ansatz

Y(x) = z". The exponent r satisfies the indicial equation
rr—1)4+ar+p8=0

so that one obtains two solutions from the two roots

l—«a a—1.2
- + _ 8.
T+ 5 ( 5 ) -8
Assuming that ry # r_ one has
—1)2 _4
W(xr+ , x’l”_ ) — (a ) /8
xOé
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It follows that the possible Greens functions of L are of the form

P(AT + 0T )+ Bel)

o) = B a1

Another method for constructing Greens functions is by eigenfunction expansion, if
there is one available. Assume one has an eigenfunction expansion for L given by discrete
spectrum €;, ©;(x) and continuous spectrum I',, 1, (¢, z). Let n € C not be in the spectrum
of L. Then the Greens function for L. — n which satisfies the boundary conditions used in

defining L may be given by

Z¢J ¢j +Z/ ¢neaney)d (10.3)

€ —MN

Examples are provided by the Fourier, sine and cosine transform representations of
the Greens functions for the Helmholtz equation given in Example 10.1 and Example 10.2. In
these cases the desired value for n, say —k? is in the continuous spectrum, which is a branch
cut for G (z,y). Greens functions are obtained by allowing n = —k? & i0" to approach —k?
from above or below in the complex plane. Note that different Greens functions are obtained
depending on whether —k? is approached from above or below.

Note that, as functions of 7, these Greens functions are analytic in 7 as long as n
is not in the spectrum of L. The discrete eigenvalues of L are simple poles of G, (z,y); the

residues at the eigenvalues are the projection operators given as integral operators by

Vi ()5 (y).

The components of the continuous spectrum can be shown to be branch cuts of Gy (x,y).
Using the formula
1

Im —— =
mx+i0+ mo(e)

one finds that
Gvn—&—iOﬂL ('ra y) - CTYn—iOﬂL (.CE, y) = —2mi Z wm(na »’L’)wm(% y)' (104>

m withnel'y,
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Green’s Functions

Note that for second order ordinary differential operators (10.4), in conjunction with
(10.2), provides a general method for finding the normalization of the continuous spectrum
eigenfunctions. If L is given by (10.1) on (—o0, c0) and the Greens function G, (z,y) for L—=z
by (10.2) then one has

Gorio+ (z, y)_Gn—i0+ (z,y)

b
~ [ [Gnsir ) G P2+ @) = )Gy w.0)

dw
— G, _io+ (w )(iP(w)i—FQ(w)— )Gyrio+ (@, w) | dw
n—io+ (W, Y dw dw )G n+io+ (T, (105)
d
=[Gyt (2, 0) - P() G ()
d 00
—Gn_im(w,y)%P(w)GnHw(x,w) [—

Example 10.6: Consider

on (—oo,00). Note that the spectrum of L is continuous, is given by (—o0,0) and is two-fold
degenerate. Let n € C with n ¢ (—o0,0) and consider the bounded Greens function for L —n

given by
1

— _Le\/{ﬁm< e_\/’?]m>
2ym

with the square root above chosen to have positive real part, in other words with branch cut

(—00,0). Then (10.4) and (10.5) give for € € (—o0,0)

Gn(x,y) = e Vile=yl

2mi Y (e, ) thn(e,y) = ——— (VY 4 o7V @TY)

from which one obtains the normalization

Nax(—e) = \/ 47‘(’\1/—_6

of the continuum eigenfunctions obtained previously from comparison to Fourier transforma-

tion.
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Green’s Functions

Example 10.7: Consider

L=V?

in free space in cylindrical coordinates. In cylindrical coordinates the Greens function for
L — n satisfies

0? 10 1 02 0? ol
(5 + var 707 + 2~ 1)C(nb.277.0.2)

5(r—1r")

r

50 —0)0(z—2").

It may be obtained by eigenfunction expansion using Fourier transform in z, Fourier serires

in € and Hankel transform in r. One obtains

1 & [ [ em(0=0)+ikG=2) T () T (gr)
G"?(Taea Z7TI79/7’Z,) - m Z /—W\A _k2 _q2 _77 Qdkdq

m=—0o0

Alternatively, one may use a mixed approach. Use eigenfunction expansion, Fourier

transform in z and Fourier serires in 6, for z and 0 and (10.2) for r. The two eigenfunction
expansions give

1 < ™. N :
Gy(r,0,2z,1",0',2") = 12 Z / e O=0) k(=) o (e o) dk
a0 — O

with
02 19 m?
(32 * v~ 72~ = m)aulbrr) =
Using (10.2) one finds

so that

" oo N ,
Gy(r, 0,270, 2") = = > / OO RE T (VR — ) HOY (VE? = nrs) dk.
™ —00

m=—0o0
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Green’s Functions

Example 10.8: Consider
L=V?

in free space in spherical coordinates. Assume an outgoing radiation condition at r = oo:

as r — 0o. The Greens function for L — 7 satisfies
< 02 290 1,1 0 0 1 02

_ - I S L I I Y YA

8r2+r@r+r2(sin9898m089+sin2c96¢2) n>G"(T’9’¢’T’0’¢)
o(r—r')o(0—¢

=i -0

72 sin 6

Expanding in spherical harmonics one has

00 l
Gy(r,0,6,7,0',8") =D > Yim(0,0)Yim (0", ) gt (r,7")

=0 m=-—1
with
0?2 20 I(+1) N O(r—1")
(5 7ar — 7~ )gmemlr) = T
One has -
Gl (T 7"/) _ jl(\/ —777“<)hl (\/ _77T>)
nil,m\T 1) = : )
W (i (v=—ir), kT (V=)
Using
W(ii(v=nr), B (V=7)) = W (i (V=n7), m(V=n7))
2L+ 1)
C A
one finds
Gutm(r.r') = —int=2 (V= r )Y (V).

We end by mentioning some applications. The basic application of a Green’s function

is to solving inhomogeneous problems of the form
Lf=g.
If a Greens function G for L is known then
£60 = o) + [ GoxyglyIay
where Lfy = 0.
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Green’s Functions

Example 10.9: A classic example is Poisson’s equation

V24(z) = —4mp(a).

By Example 10.1 the solution is given by in free space by Coulomb’s law
PLY
o) = [ LY,
Ix =l

Green’s functions can also be used in a subtle way to solve Helmholtz equations
with inhomogeneous boundary conditions in general domains using the Kirchof-Helmholtz

integral theorem which is derived as follows. Let
<v2 + k2>¢ —0

in some domain V' with some inhomogeneous boundary conditions on OV. Let G(x,y) be
any Green’s function of V2 + k? which is symmetric with respect to interchange of x and y

(for example, the free speace Green’s function). Then

V) = (V248 [ Gleypiy)dy
= /V {((VZ +k2)G(X,Y))¢(Y)] d"y
= [ (73 + #1603 wly) = 6y (73 + 9wty | '
= [ v (et vty - Goe) (Vviw) | v
= [ |(7u603) 03 - 663 (Vy0t3)) | o),

The resulting formula,

w60 = [ (89,6000t - Goey) (- ,000) [ aotr). 09

is known as the Helmholtz-Kirchoff integral theorem (or vica-versa).
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Green’s Functions

One use of the Helmholtz-Kirchoff integral theorem is to problems in which an

inhomogeneous boundary condition of the form
a(x) ¢+ B(x)n - Vi(x) = y(x) (10.7)
is specified on V. Assume (without loss of generality) that
o+ % =1.
Eq. (10.6) can be written
w60 = [ | (96003 - an - v,600)) (avi) + 52 Vo)
oV
~ (aGxy) + B8 V,Gx,y))) (B(y) - ad- vywy))] do(y)
~ [ (5663~ - 9,6603))r )
oV
~ (aGxy) + 88 V,Gx,y))) (B(y) - ad- vywy))] do(y).
Thus if G(x,y) is chosen to satisfy the homogeneous version of (10.7),
aGx,y)+pn-V,G(x,y)) =0
then one has the explicit result

Y(x) = /BV (ﬁ(y) G(x,y) —a(y)n-V,G(x, Y)>’Y(Y) do(y).

Note the special cases: the Neumann problem is given by a = 0 and g = 1, the Dirichlet
problem by 8 =0 and o = 1.

Example 10.10: Let
(V2 + k) u(x) =0
for » = |x| > R (that is, outside of the sphere of radius R). Let the normal derivative of ¢

be specified on the surface of the sphere (the so-called Neumann problem):

d¢

E’T:R = ’7(‘97 Cb)
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Green’s Functions

with v known. Assume an outgoing radiation condition at r = oo:

as r — 00.
Let G(r,0,¢,r",0',¢") be the Greens function in spherical coordinates satisfying

Neumann boundary conditions at r = R

oG

?5;?‘7t:l% =0

and the radiation condition
eikr

G(T7 97 d)’ r” 9/5 ¢/) ~

as r — oo. Then

27 s
w(r,ﬁ,qﬁ):Rz/O /OG(r,&,qﬁ,R,&',qﬁ')y(@',qﬁ')sin@'dG’akb’.

One may use

(7’ 6 ¢,T 9/ - Z Z 1/lm Hm(‘glv¢/)gn;l,m(r7 T/)

=0 m=-—1

with

(in(v/=iir<) = BBy (=rir ) A (V=)
W (/=) = (=), A (V=) )

Note that gp.;m(r,r’) is independent of m (we will drop the index for m). Using

gn;l,m(ra T/) = -

(5=~ (=), ) ()

yV=nR)”
= W((itv=m) = B (=), (=) + iy =in)
HWZIR),,
= (i+ 5 am )W uv=in)
i+ {(\/_R)> 20+ 1
yi(V=nR)) y=nr?
one has
) Val] Ty~ AWVTIR) e W\
gua(r, 1) (2l+1)(z+jli\?g>(J (V<) = V) ) (/i)
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Green’s Functions

If
21 s
i = R? / / V(0. V(0 &) sin @ dO' dg
0 0
Then l
D(r,0,8) = gna(r, 1) D> YimYim (0, 9).
=0

m=—I
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Problems

Problems

1) Consider the 1-dimensional wave equation

e
oxr? 2 ot? p=

Here ¢ is a constant. Show that

0? 1 02 o 10,,0 10

o> 2o

(52 =233z T o)
0 10 0 10
(e T 2905z ~ o)

Use this to show that for any differentiable function f

p(x,t) = f(x £ ct)

are two solutions. Show that the plane wave solutions are of this form and determine the

appropriate function f.

2) Find the plane wave solutions to Maxwell’s equations.

3) Consider the vector space V equal to the set of all complex linear combinations
acos(kx) + bsin(kz).

Here a,b € C. What is the dimension of V' over C? Show that V is precisely the set of

solutions of the 1-dimensional Helmholtz equation

d? 9
4 L E)p=o.
(Zz ++)p
Express -L and j—; as a matrix with respect to the basis sin(kz), cos(kz). Repeat

for the basis e**®, e~

4) Find the exponential solutions to the plate equation. Assume a time dependence of the

form e™t,
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Problems

5) Show that in the linear approximation to fluid dynamics p’ and p’ both satisfy the wave

equation. (Showing that this is true for the traveling wave solutions is not enough.)

6) Let H be an n by n self-adjoint matrix. Assume the eigenvalues of H are €¢; and the
eigenvectors, chosen to be orthonormal, are v;.

a) Find the solution of the associated Shrodinger equation

dip
A
T
with initial condition t(0) = ¢p.
b) Find the solution of
d*y

with initial conditions y(0) = p and y’(0) = v.

c) Carry out (a) and (b) for the matrix

7) Consider a linear array of 5 microphones. Let P;(0) be the response of the j microphone

to a plane wave incident on the array at an angle of # to the normal to array. Let

P[(«g) — 6—10(0—90)2

be an “ideal” beam pattern. Given coefficients c;, let

2
P0) =Y ¢;P;(0).
j=—2
Determine the coefficients ¢; making is as close as possible to Pr(#) in the least squares sense:
by minimizing i

|P— Py = / L 1P©) - PO .

Use any convenient computer software to do the computations and plot the resulting beam
pattern P.
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8) Let f,g: R? — R? be given by

e®V
flz,y) = sinx + cosy

9(z,y) = (;iyx) :

Find Df(z,y), Dg(x,y), (Df o g)(x,y),

and

= (gl 9))

and

a%f(g(w,y))-

Find the linear approximation to f o g near (z,y) = (0, ).

9) Using % = ;;—a’; show that a dx + bdy is exact only if

Oa ob

oy o
Use this to show that —y dx + x dy is not exact. Find darctan £ and show that xQ—j_yz is an

integrating factor for —y dz + x dy.

10) Transform the Cartesian gradient in R? into polar coordinates and find the Laplace

operator in these coordinates. Repeat the exercise for cylindrical coordinates in R3.

11) Consider the parabolic coordinates w, T

Transform the Cartesian gradient and find the Laplace operator in these coordinates.
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12) Let f(z,y) = €*¥. Find all critical points for f (points where Vf = 0) and determine
if they are maxima, minima or saddles. If any are saddles determine the directions through

which the saddles are mins and through which they are maxs.

13) Consider an ideal gas in which P = pRT. Let P=FPy+ P, p=po+p and T =Ty + T’
where the primed variables are small disturbances about some quiescent state given by Py,
po and Tj. It can be shown that if the specific heat cp is constant then the difference in the

entropy of the disturbed state S and the quiescent state Sy is

T P
—Sy=cpln— — Rln —.
S S() CPHTO RDPO

Assuming that the processes are isentropic (S = Sy) express p as a function of P and find

= ([ scceron)

the speed of sound

[N

14) What is the surface element on the surface of a cylinder of radius R whose axis is the z

axis?

15) Use the fact that a sphere of radius r is the set of solutions to

I2—|—y2+22:’f‘2

to find its unit normal n in spherical coordinates. Use this result to show that

16) Let D = {x||x|| < R and = > 0, y > 0, z > 0} be the restriction of the ball of radius R

to the first quadrant. Compute

/ rzdrdydz.
D
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Problems
17) Show that, in 3 dimensions,

;eikHX*YH = —Ani(x —y).

A+ k?
( )||X—Y||

18) Show that given a function F'(x) any solution ¢ to the equation
(A+k*)p=F

can be written
_ 1 1 ik|lx—yll 3
O(X) = ¢o(x eI Y F(y) dy

where ¢q is a solution of the homogeneous Helmholtz equation

(A + K)o = 0.

19) Let cos z = 3(e** + e7**) and sinz = o-(¢'* — e~#). Find the poles of tan z and find the

first three terms in the Laurent expansions about each of these poles.

20) The function z? for arbitrary p is usually defined by

2P — eplnz.

Show that 2P is single valued only when p is an integer. What phase does 2P pick up when z

circles 0 counterclockwise once? Make a choice for zP and compute

/ 2P dz.
C.(0)

For which p is this integral 07

21) Compute

o 1
d
/_OOJ:2+1 o

o) eix
——dx.
/_oo @+12 "
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Problems
22) Find the general solution of

(j—; +4%+4>f:0.

23) Consider the model introduced in Example 5.3. Express the solutions as linear combi-

+ikx

nations of exponentials e rather than sines and cosines. Find the general solution which

obeys the condition that for = > 0

f(z) = const e+

24) Find the solution of
which satisfies
and

Instead, impose the condition that as x — oo

f(z) ~ const e ?VF @,

What constraint does this impose on the allowed values of f(0), f/(0), f(0) and £ (0)?

25) Find all the solutions of

d? d
2 —_— =
(a: e + 2xdm 1>f(x) 0

which are finite at x = 0.
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26) Recall that
1

m!

Find ¢; and ¢o. Recall further that

Im(z) = (f)m<1+clx—|—02x2—|—...>.

2

(m—1)! x

Yo (z) = sz(a:)lnx— (5)_m(1+d1x+d2x2+...>.

s ™

What choice for Y,,, has to be made so that all the odd coefficients dy;11 = 0?7 Make this

choice and then determine dy for m # 1. What can be said about ds for m = 17

27) Using Abel’s formula and the small x asymptotics calculate W(J,,, Y, ). Similarly, using
the large x asymptotics compute W(I—LS;L), H,(n_)). Finally, assuming that

HE) = ¢(J,, +iY,)

use these two Wronskians to determine c.

28) Consider (5.5). Find functions u and @ so that setting f(z) = u(z)g(z) the new unknown
g satisfies

d2
<— + Q)g = 0.

dzx?
Thus, to study second order linear equations it is sufficient to study equations with no first

derivative term.

29) Using the technique developed in the previous problem find the general solution to the

spherical Bessel equation with [ = 0.
30) Find the first correction to the large x asymptotic forms for J,, and Y,,.

31) In (5.18) find 6 and the two possible values for a;.
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32) Find the large x asymptotic form for solutions to

(ﬂi+%+¢ﬁmo:0

dx?

Choose a form

f(x) = aPe " <1+...)

and determine p, k and a.
33) Show that the eigenvalues of a self adjoint operator are real.

34) Let L = j—; + ¢ have self adjoint boundary conditions on (a,b). Let 9;(x) be the
normalized eigenfunctions for L corresponding to the eigenvalues A;. Let d(45) be the delta

function restricted to (a,b): for any y € (a,b)

b
fy) = / S(ap)(y — ) f(x) dx.

Show that for any y € (a,b)

Z%‘ (y) V() = d(ap)(y — ).

Now consider the equation

(L-ef=g

for some € not in the spectrum of L. Show that the general solution may be written in the

form

b b () Do)
fa) = o)+ 32 [ )y

for some fj satisfying (L —¢)fo = 0. Show that if f satisfies the imposed boundary conditions
then fo = 0. If € is in the spectrum of L What condition on g must be satisfied if (L —¢€)f =g

is to have a solution?
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35) Consider one dimensional lossless acoustics,

(62 1 02

gz~ ) P =0

dv(z,t)  OP(z,t)
P~ or

in the interval (0, L). Assume that in the steady state,

() - ()~

impedances Zyp(w) and Zp,(w) are specified at x = 0 and x = L respectively,

Pa(0)

va(0) Zo
and

Pa(L)

va(L) ZL-

Find an equation whose solutions are the resonant frequencies of the system. Let w;
and wy, be two distinct resonant frequencies. Let P; and Paj be the corresponding resonant

pressure amplitudes. Find

(Paj, Pak).

Under what conditions on Zy and Zj, is the problem of finding the resonant frequencies and

amplitudes self adjoint?

36) Consider a vibrating string of length L, clamped at both ends. Let u(z,t) be the dis-
placement of the string at x and ¢t. Imagine striking the string at = = % and model this

striking by the initial condition

=Ad(x — £)

o
ot 't=0 3

Assume as well that the initial displacement of the string is 0. Find the subsequent motion

of the string. Which modes don’t get excited?
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37) Solve the time dependent Schrédinger equation for a particle of mass m confined to a

rigid cylindrical container of radius R and height H.

38) Consider a rigid rectangular box of dimensions L, W and H. Find the resonant frequencies
and modes for the Laplacian in this box with Neumann boundary conditions. Under what

conditions are there no degenerate resonant frequencies?

39) Consider a cube A with sides of length 1. Find the lowest eigenvalue of —V? in this cube

with boundary conditions
n- Vw’aA = _O‘w’aA

for 0 < a < 0.

40) Consider a semi-infinite duct whose cross section A is constant and has area |A|. Let the
lowest non-zero Neumann eigenvalue of —V? in A be \;. Imagine that a piston is mounted in
a baffle at z = 0 somewhere in A. Let the area of the piston be ]fl] If the piston has velocity
ug cos(wt) with w < ey/A1 find the large 2 asymptotic form for the pressure P(z,y, z,t). What

length scale must z be much larger than in order for this asymptotic form to be valid?

41) Consider a duct in air (¢ = 343 m/sec) with square cross section 5 cm by 5 cm. For
what range of frequencies are there precisely 4 propagating modes? Write out the velocity

dispersion for these modes.

42) Estimate the eigenvalues of a vibrating bar of length L free at both ends. Plot the first

5 eigen modes.

43) Consider an annular membrane of inner radius r; and outer radius ry. Find the Dirichlet
eigenfunctions and eigenvalue condition. For ro = 1 and r; = 0.1 find the first three resonant

frequencies.
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44) Show that, given ay,, for m € {—1,0,1}, there is a constant vector A with

1
1 1
_7“2 E alelm(O, Q5> =A- V;

m=—1

Give an explicit expression for A in terms of the ai,,.

45) Consider the acoustic resonant frequencies and modes of a spherical resonator of radius R
filled with a gas in which the speed of sound is ¢. Find equations whose solutions are the reso-
nant frequencies. Given the resonant frequencies find the resonant modes. For the first three
spherically symmetric modes estimate the resonant frequencies and find the normalization

constants for the modes.

46) Consider a sphere of radius R whose surface is vibrating with velocity

Find the acoustic pressure of the sound radiating from the sphere into empty space.

47) Find the generalized eigenfunction expansion for

d2
T da?

on (1, 00) with boundary conditions (1) = 0.

48) Find the generalized eigenfunction expansion for
d2

for
0 otherwise

on (0,00) with boundary conditions '(0) = 0.
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49) Find the Fourier transforms of the following functions:

. 0 if t < to
f(t) — {e(a+bi)t if ¢ > tO

1
J(z) = T — o + i
flz) = cos(kx)

50) Show that a necessary and sufficient condition for a function f(z) to be real is that it’s

Fourier transform f(k) satisfy

fk) = f(—k).

51) Consider a simple closed circuit with a voltage source V() and one element connected in
series.
a) Show that if the element is a capacitor, Z(w) = iwC, the current I(t) is & times the

integral of V.

b) Show that if the element is an inductor, Z(w) = -, the current I(t) is L times the

wl?
derivative of V.

c) If the element is a linear combination of a capacitor and a resistor, Z(w) = R + iwC, and

if the voltage source provides an impulse at t = tg, V() = vod(t — tp) find the current I(t).

52) Consider the three dimensional heat equation

(% - V2>T(X, t) = 0.

If one has the initial condition

T(x,0) = 6(x)
find T'(x,t) for t > 0.
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53) Let

f ( )_ 1 i /oo oo eiq(x—y) ()d J
+\Z) = 5~ l1m / mgy yaq.

Show that both fi satisfy
Assuming that

is analytic with |§(k)| < const (1 + k2)™ for some m, calculate fi.

54) Consider a cube with sides of length L. Two opposing sides of the cube are vibrating,
one with velocity u(t), the other with velocity —u(t). Find the acoustic pressure P(r,6, ¢,t)
for large r if

a) the Fourier transform of u is

b) the Fourier transform of u is

ifw) = A( LI 2 )

w—woptoar w—2wy+ ot

Assume that L < wio, r>> w—co, A> % and a < wg.
0

55) Find the generalized eigenfunction expansion for % on (0,00) with the boundary con-

dition f(0) + f'(0) = 0.

56) Consider a semi-infinite pipe with square cross section of length L. A piston that is
mounted at the open end of the pipe has area A and velocity u(t).

a) Find, but don’t attempt to evaluate, an expression for the pressure on the face of the
piston.

b) If A = L? evaluate the pressure on the face of the piston.
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57) Let

d? 1d 2
dz?  xdx r?
on (1,00) with the boundary condition ¢’(1) = 0. Find the outgoing Green’s function for

L — 7 and the generalized eigenfunction expansion for L.

58) Consider the wedge given in cylindrical coordinates by
{r,9,z|0<r<oo, 0<6<by 0<z<oo}.

Let

1 02
<V2 — ?@)P(T’H’Z’t) = 0

Let P(r,0,z,t) satisfy a radiation condition at spatial infinity and Neumann conditions on

the surfaces of the wedge
oP

00 |9:0
Assume that the value of P(r,0,0,t) = f(r,0,t) is known on the bottom of the wedge. Use the

OP
=0= @‘9:00‘

Helmbholtz-Kirchoff integral theorem (10.6) to find P(r,0, z,t) in terms of sums and integrals

over known quantities.

59) Let
L=V%+k?
in three dimensions where

o k- if0<|x|<R

Assuming that k_ > ky find the eigenfunction expansion for L.
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