PHYS 621 — Bessel functions — Useful formulas

BESSEL FUNCTIONS

Differential equation:
L o =0
2—=+z— 4 (2 —v9)|u,(2) =0,
dz? dz

Independent solutions:
Ju(z) and J_u(2).

Usually, instead of J_,(z) the following function is defined:

Y, (z) = sin(lmr) [J,(z) cos(vm) — J_,(2)].

J, and Y, are called Bessel functions of first and second kind.

Series representation:
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Hankel functions of first and second kind:

HY (2) = J,(2) + 1Y, (2), HP® (2) = J,(2) — iV, (2).

Properties:
HO)(2) =" HV(2),  HE)(z) = e " HP ().

If v = n is an integer:
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where ¢(n) = —y + Y71 k7.
Integral representation:
1 [ )
In(2) = —/ df cos(zsinf — nb),
T Jo
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Small arguments:

J,,(,z)wM v#—1,-2,-3...

Y (2) ~ —iH (2) ~ iHP (2) ~ —(1/10W)(2/2) ", Re(v) >0,

Yo(2) ~ —iH{M (2) ~ iHP (2) ~ (2/7)Inz, v =0.
Asymptotic expansion (|z] — c0):

Ju(2) =/2/(m2) cos(z —mv/2 —7/4) + ...,
Y, (2) =2/(nz) sin(z — v /2 —7w/4) + ...,

HVY(2) = \/2/(nz) eG—mv/2=m/4)

H®) (2) = \/2/(rz) e 1 zmmv/2=7/4)

Expansion for large orders (v — 00):

1o~ =(5)

Y, (2) ~ —\/g<§>_V .

Recurrence relations (€2, = all Bessel/Hankel):

0 1(2) + Qo () = 20, (2),

Qu-1(2) = Qia(2) =2Q,(2),

v

U (2) = Qi (2) — gszy(z) ,



MODIFIED BESSEL FUNCTIONS

Differential equation:

Independent solutions:
I(2), and I_,(2).

Usually, instead of I_,(z) the following function is defined:

™

Ky(z) = [I-v(2) = L(2)].

2sin(vm)
J, and Y, are called Bessel functions of first and second kind.

Series representation:

9= (3) % et

If v = n is an integer:

+(-1)"5 (g) S ok + 1) + ¢+ k + 1)]

Integral representation:

I,(z) = %/Oﬂ df e*<°% cos(nh)
Small arguments:
I(2) r((i/i)n v#£—1,-2,-3
Ky (2) ~ (1/2)T(v)(2/2) Re (v) >0,

(g)_ W(—fﬂl)k — (—=1)"In(2/2)I,(2)+
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Asymptotic expansion (|z] — c0):

I(2) = \/%[1—(4;/2—1)/(82”...],

K, (2) =/m/(22)e * [1 + (4v* —1)/(82) +..].

Recurrence relations (€2, = all Modified Bessel):

0 1(2) ~ Q) = 20 (2),

D1(2) + Qi (2) = 29,(2),

v

() = %a(5) = £ 2).
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() = () + £ 0(2)



